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Abstract. Let E be a compact connected oriented surface with one boundary compo- 
nent, and let tt be the fundamental group of E. The Johnson filtration is a decreasing 
sequence of subgroups of the Torelli group of E, whose fc-th term consists of the self- 
homeomorphisms of E that act trivially at the level of the fc-th nilpotent quotient of 
TT. Morita defined a homomorphism from the fc-th term of the Johnson filtration to 
the third homology group of the fc-th nilpotent quotient of tt. 

In this paper, we replace groups by their Malcev Lie algebras and we study the 
"infinitesimal" version of the fc-th Morita homomorphism, which corresponds to the 
original version by a canonical isomorphism. We provide a diagrammatic description of 
the fc-th infinitesimal Morita homomorphism and, given an expansion of the free group 
TT that is "symplectic" in some sense, we derive it from Kawazumi's "total Johnson 
map" (which is a way of recording the action of the Torelli group of E on tt). 

We also consider the diagrammatic representation of the Torelli group that we 
obtained from the Le-Murakami-Ohtsuki invariant of 3-manifolds in a previous joint 
work with Cheptea and Habiro, and which we call the "LMO homomorphism." We 
show that the LMO invariant induces a symplectic expansion of tt for which the total 
Johnson map tantamounts to the tree-reduction of the LMO homomorphism. We 
deduce that the fc-th infinitesimal Morita homomorphism coincides with the degree 
[fc, 2k[ part of the tree-reduction of the LMO homomorphism. Our results also apply 
to the monoid of homology cylinders over E. 



Introduction 

Nilpotent homotopy types of 3-manifolds have been introduced by Turaev [IQ]. They 
are defined by elementary tools from algebraic topology as follows. We fix an integer 
k > 1 and an abstract group G of nilpotency class k, which means that commutators of 
length (k + 1) are trivial in G. Let M be a closed connected oriented 3-manifold, whose 
fc-th nilpotent quotient of the fundamental group is parametrized by the group G: 

^:G^^i(M)/rfc+i7ri(M). 

Then, the k-th nilpotent homotopy type of the pair (M, ip) is the homology class 

fikiM,i;) :=/^([M]) GF3(G;Z) 

where : M ^ K{G, 1) induces the composition 7ri(M) TTi{M)/Tk+iTTi{M) "^-^^ G 
at the level of fundamental groups. 

For example, for A: = 1, we are considering the abelian homotopy type of 3-manifolds 
which, by the work of Cochran, Gerges and Orr [7|, is very well understood: ^i{M,ip) 
determines the cohomology ring of M together with its linking pairing, and vice- versa. 

As suggested to the author by Turaev, one way to study the invariant ^u^ for higher k 
is to study its behaviour under surgery. This method particularly applies if one wishes 
to understand nilpotent homotopy types from the point of view of finite-type invariants. 
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which was our initial motivation. Note that, to compare the fc-th nilpotent homotopy 
type of a manifold after surgery with that of the manifold before surgery, we can only 
admit surgeries that preserve the A;-th nilpotent quotient of the fundamental group (up 
to isomorphism). The following type of surgery is admissible in that sense. We consider 
a compact connected oriented surface S <Z M with one boundary component, and a 
homeomorphism s : 5 — s- S whose restriction to dS is the identity and which acts 
trivially at the level of 7ri(S')/ry!;_|_i7ri(S'). Then, we can "twist" M along 5 by s to 
obtain the new manifold 

Ms := {M \ mt{S x [-1, 1])) U(,xi)u(id x(-i)) S x [-1, 1]. 

The Seifert-Van Kampen theorem shows the existence of a canonical isomorphism 

7ri(M)/rfe+i^i(M) ^ Tn{Ms)/Tk+iTTi{Ms) 

which is defined by the following commutative diagram: 



7ri(M\int(5x[-l,l])) 
rfc+i7ri(AAmt(5x[-l,l])) 




7ri(M) 3! 7ri(Afg) 

rfc+i7ri(M) ~ ^ rfc+i7ri(Ms)- 

By composing it with ip, we obtain an isomorphism 

V^S : G ^ 7ri(Af5)/rfc+i7ri(M5). 

In order to compare iJ,k{M,ip) with fj,f:{Ms,ips), we consider the mapping torus of s 

t{s) := {S X [-1, 1] /~) U {S^ X D^) . 

Here, the equivalence relation ~ identifies s{x) x 1 with x x (—1), and the meridian 
1 X dD^ of the solid torus x is glued along the circle * x [—1,1] / ~ (where 
* S dS) while the longitude 5^ x 1 is glued along dS x 1. We note that t(s) is a 
closed connected oriented 3-manifold, and that the inclusion S" = S" x 1 c t(s) defines 
an isomorphism 

ifs ■■ TTi{S)/Tk+iTTi{S) ^ 7ri(t(s))/rfc+i7ri(t(s)). 

Besides, the inclusion S C M defines a homomorphism 

i : 7ri(S)/rfc+i7ri(5) 7ri(M)/rfc+i^i(M). 

Then, /i^ varies as follow£| under the surgery M ^ Ms- 

(0.1) fik{Ms,tlJs)-f^k{M,iP) = ipj,{fik{t{s),ips)) eHs{G;Z). 

This variation formula suggests the following construction, relative to a compact 
connected oriented surface T, with one boundary component. Let X($]) be the Torelli 
group of S and let vr := '7ri($], *) be the fundamental group of S, where * G dTi. Let 

T(S) = T(S)[1] D 2:(S)[2] D I{^)[3] D • ■ • 



This can be proved by a simple homological computation in a singular 3-manifold that contains the 
three of M, Ms and t(s). Similar formulas are shown in [lUI Theorem 2] and [161 Theorem 5.2] by 
cobordism arguments. 
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be the Johnson filtration of whose fe-th subgroup X(i;)[A:] consists of (the isotopy 

classes of) the homeomorphisms s : S — s- S that act triviaUy at the level of vr/rfc+ivr. 
The previous discussion shows that the map 

Mk : — > Hi (vr/rfc+ivr; Z) , s i — > ^fc(t(s), (/J^) 

plays a crucial role in the study of nilpotent homotopy types, and formula (10. ip shows 
that it is a group homomorphism. The homomorphism Mk has been studied by Heap in 
|16j . By considering the simplicial model of K (vr/rfe+ivr, 1), he proves that Mk is equal 
to Morita's refinement of the k-ih Johnson homomorphism, whose definition is purely 
algebraic and involves the bar complex of a group [30j. In the sequel, we will refer to 
Mk as the k-th Morita homomorphism. 

Since Lie algebra homology is simpler than group homology, one would like to replace 
the group Tr/Tk+iTf by its Malcev Lie algebra m{-K /T k+iir) in the above discussion. Thus, 
one defines a Lie analogue of the k-th Morita homomorphism 

nik : [k] Hs (m (vr/rfc+ivr) ; Q) 

by imitating Morita's original definition of [3^, the bar complex of a group being 
simply replaced by the Koszul complex of its Malcev Lie algebra. The homomorphism 
rrik is the main object of this paper, whose contents we now describe. 

First of all, let us recall that the Lie algebra m (vr/rfc+ivr) is free nilpotent of class k. 
More precisely, if we set H := Hi{T,;Q) and if we denote by ^{H) the free Lie algebra 
generated by H, then we have a (non-canonical) isomorphism 

(0.2) £{H)/rk+iSliH) ~ m (vr/rfc+ivr) . 

In Section [H we start by describing the third homology group of a free nilpotent Lie 
algebra in terms of Jacobi diagrams, which are commonly encountered in the theory of 
finite-type invariants [31]. To be more explicit, let 

+ 00 

d=i 

be the graded vector space of Jacobi diagrams that are tree-shaped, connected, H- 
colored, and subject to the usual AS, IHX and multilinearity relations. The internal 
degree > 1 of such a diagram is the number of trivalent vertices. Then, we define an 
explicit linear map 

and, by applying prior computations of Igusa and Orr 17|, we show that ^ is an iso- 
morphism (Theorem II. 5p . 

Section [2] is mainly expositional and deals with expansions of the free group tt. These 
generalize the "Magnus expansion" of vr and are essentially algebra isomorphisms 

(0.3) Q[tt] ~ f{H) 

between the I-adic completion of the group algebra of tt and the complete tensor alge- 
bra over H. Expansions have been studied by Lin in the context of Vassiliev invariants 
and Milnor's fi invariants [28], and by Kawazumi in connection with Johnson homomor- 
phisms and the cohomology of mapping class groups [21]. If the identification ()0.3p is 
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required to be a Hopf algebra isomorphism, then the expansion is said to be group-like 
and induces a Lie algebra isomorphism 

(0.4) m(7r) ~ £{H) 

between the Malcev Lie algebra of vr and the complete Lie algebra over H. Then, each 
group- like expansion induces an isomorphism (|U.2|) for all A; > 1. We also introduce 
symplectic expansions which relate the boundary of T, to the symplectic form of H 
defined by the intersection pairing. 

In Section [31 we review Johnson homomorphisms and the "total Johnson map" defined 
by Kawazumi in [21j . This is a way of encoding the Dehn-Nielsen representation of the 
Torelli group 

p : X(I1) — > Aut(7r), h i — > 

which depends on the choice of a group-like expansion 9. More precisely, by passing 
to the Malcev Lie algebra of tt and by using the identification (10. 4p induced hy 6, p 
translates into a group homomorphism 

— >Aut(£{H)). 

Since h acts trivially in homology, there is no loss of information in defining 

r%h) := Q\h)\H-ldH G RomiH ,2>2{H)) 

where 2,>2{H) denotes the degree > 2 part of 2,{H). Then, the total Johnson map 
relative to 9 is the map 

Poincare 

^ ^ duality ^ 

By degree truncation and by restriction, one obtains a map 

2k-l 

rj^2,[ : X(S)[fc] -^^H® £,+,{H) 
d=k 

whose degree k part T(5])[A;] ^ H ® £,k^i{H) is the k-th Johnson homomorphism |21j . 
We observe two properties for this restriction of the total Johnson map. First, r^^ 

a group homomorphism (Proposition 13. 7|] . Second, the values of r^^ 2k[ ^^^^ expressed 
in terms of Jacobi diagrams, provided the expansion 9 is symplectic (Proposition 13. 8p : 

Q 2A: 1 

X(S)[fe]^t^0i/®£,+i(i/) 

I d=k 
I 
I 

y 

2fc-l 

UH) 

d=k 

Here, r/ is the usual map that gives rise to diagrammatic descriptions of Milnor's /x 
invariants [H] or Johnson homomorphisms |10] . 

Section |4] is devoted to the infinitesimal version of Morita's homomorphisms. We 
give the precise definition of mk which, as already evoked, is obtained from the original 
definition of |30| by replacing each bar complex of a group by the Koszul complex 
of its Malcev Lie algebra. A similar passing from groups to Malcev Lie algebras already 
appears in Day's work [8], where Mk (with real coefficients) is extended to a crossed 
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homomorphism on the full mapping class group of S. Whereas his construction uses 
differential topology methods, our definition of is purely algebraic. Yet, the two 
approaches shoud be connected since Pickel's isomorphism [33] 

P : H3 iTT/Tk+i7r;q) ^ H3 (m(7r/rfc+i7r); Q) 

connects (with rational coefficients) to ruk, as shown in Proposition 14.31 The main 
result of Section|3]is Theorem l4.4l which asserts that 771^ coincides (up to a sign) with the 
degree [/c,2A:[ truncation of Kawazumi's total Johnson map relative to a symplectic 
expansion 9. This relation between and Tj^ ii^eds their diagrammatic descriptions, 
which are given by the maps $ and r] respectively. Then, we recover two properties for 
Mfc by proving them for m^: First, M^, determines the A;-th Johnson homomorphism 
|30j and, second, its kernel is the 2A:-th term of the Johnson filtration |16j . 

In Section [5l we come back to our initial motivation, which was connecting nilpotent 
homotopy types of 3-manifolds to their finite-type invariants. To present our result in 
this direction, let us recall that Le, Murakami and Ohtsuki construct in |26j a univer- 
sal finite-type invariant of homology 3-spheres. More recently, the LMO invariant has 
been extended by Cheptea, Habiro and the author to a functor Z from a category of 
cobordisms to a category of diagrams [6]. In particular, the functor Z defines a monoid 
homomorphism whose source is the Torelli group and whose target is a certain alge- 
bra of Jacobi diagrams. Next, this LMO homomorphism can be simplified by killing 
all Jacobi diagrams that are looped: One then obtains the tree-reduction of the LMO 
homomorphism. We start by showing that the functor Z defines a symplectic expansion 
of TT, which we denote by 9^ . Then, we show that the total Johnson map relative to 9^ 
is determined by the tree-reduction of the LMO homomorphism via an explicit formula 
(Theorem 15. Sp . The converse is also true (Theorem 15. 13p . The former result is inspired 
by the "global formula" of Habegger and Masbaum giving all Milnor's /i invariants of a 
pure braid from the tree-reduction of its Kontsevich integral [H]. Finally, we conclude 
that the degree [/c,2A;[ part of the tree-reduction of the LMO homomorphism coincides 
with TTifc through the isomorphisms 

TdiH) ~ Hs {il{H)/Tk+iil{H)- Q) ~ {min/Tk+in); Q) . 

d=k 

So, Mk splits as a sum of k finite-type invariants, whose degrees range from k to 2k — 1. 

To close this introduction, let us recall that the Torelli group of S embeds into the 
monoid C(S) of homology cylinders over S. Here, a homology cylinder over S is a 
compact connected oriented 3-manifold C, whose boundary is parametrized 

c : a(S X [-1,1]) ^ dC 

in such a way that (C, c) has the same homology type as (S x [—1, l],Id). Homology 
cylinders play a key role in the works of Goussarov and Habiro on finite-type invariants 
[111 I15j . All the constructions that we mentioned for the group I{Ti) can be extended 
to the monoid C(E). For example, Sakasai considers Morita's homomorphisms for ho- 
mology cylinders in [37]. Our results are proved in this general framework. 

Acknowledgements. The author thanks Benjamin Enriquez for helpful and stimulat- 
ing discussions, and is grateful to Alex Bene for bringing his attention to the paper [22j . 
This work has been finalized during a stay at the CTQM (Aarhus University) whose 
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Conventions. In the sequel, all vector spaces, Lie algebras, homology groups, etc. are 
considered with rational coefficients. Equivalence classes are always denoted by curly 
brackets {— }, except for homology classes which are denoted by straight brackets [— ]. 
The lower central series of a group G (respectively of a Lie algebra 5) is denoted by 

G = LiG D T2G D LgG D • • • (respectively g = Tig D Fag D Lgg D • • • )• 



1. The third homology group of a free nilpotent Lie algebra 

We define in this section, for each nilpotent Lie algebra g, a linear map from a space 
of tree-shaped g-colored Jacobi diagrams to H^{q). When g is free nilpotent and finite- 
dimensional, we deduce from the computation of H^{q) by Igusa and Orr [T7] that our 
diagrammatic map is an isomorphism. 

1.1. The fission map. Let y be a vector space. A Jacobi diagram is a unitrivalent 
finite graph whose trivalent vertices are oriented (i.e. edges are cyclically ordered around 
each trivalent vertex) . The internal degree of such a diagram is the number of trivalent 
vertices, and is denoted by i-deg. A Jacobi diagram is said to be V-colored if it comes 
with a map from the set of its univalent vertices to V. For example, 

V2 Vi 



^/ (with ?;i,...,i;5 G y) 

is a V^-colored Jacobi diagram of internal degree 3 where, by convention, vertex orien- 
tations are given by the trigonometric orientation of the plan. Let 



be the graded vector space of Jacobi diagrams which are tree-shaped, connected and 
y-colored, modulo the AS, IHX and multilinearity relations: 

I I I 

f >' = i = i + i 

AS IHX multinearity 

In the sequel, we assume that y is a Lie algebra g. 

Let T be a connected tree-shaped g-colored Jacobi diagram. For each trivalent vertex 
r, T can be seen as the union of three trees "rooted" at r, which are denoted by Tr^\ 

(2) (3) 

Tr and so that the numbering 1,2,3 gives the vertex-orientation around r. Any 

connected tree-shaped Jacobi diagram A, all of whose univalent vertices are g-colored 

apart from one which is denoted by r, defines an element comm(A) of g. For example, 

we have „ n n n 

91 92 93 94 

(1-1) comm / ] =[91, [[92, 93], 9a]]- 



Then, the fission of T is defined by 

(1.2) (/)(r) := comm(T^(^)) A comm(r/2)) ^ comm(r/^)) G A^fl, 



where the sum is indexed by trivalent vertices r of T. For example, we have 
/ 92 ^3 ,94 \ 

4>[ '> ^ < = 51 A£?2 A [53, [54,55]] +53 A [54,55] A [51,52] +55 A [[51, 52], 53] A 54. 

\ 91 95 J 

We recall that the Koszul complex of g (with trivial coefficients) is the chain complex 
(Ag, d) whose boundary operator dn : A"g — > A"~^g is defined by 

c^n(5i A ■ ■ ■ A £?„) = ^(-1)'+-' • [5i, 5j] A 51 A ■ ■ ■ 5; • • • ^- • ■ ■ A gn- 

i<j 

Its homology gives the homology of the Lie algebra g (with trivial coefficients). 

Lemma 1.1. Fission of tree diagrams induces a linear map 

$:r(g)^AVlm('^4). 

Proof. The fission map can be extended by linearity to linear combinations of Jacobi 
diagrams. Then, the map (p vanishes on the AS relations by the antisymmetry of the 
Lie bracket of g and by the antisymmetry in A^g. A similar argument applies to the 
multilinearity relations. Next, a straightforward computation shows that 

(, . h k h k ^ 

h \ - - - k I I N / \ 

I -I 1+ )( = d4{g Ah Ak Al). 

9 ; /'""'^ / 

It follows from this identity and the Jacobi relation in g, that (j) sends the IHX relations 
to the subspacc Im(di) of A^g. So, (j) induces a linear map $ : T(g) A^g/Im((i4). □ 

Lemma 1.2. Let T be a connected tree-shaped g-colored Jacobi diagram. Then, we have 

d3(0(T)) = ^ 001(1;) A comm(r^) G A^g 

V 

where the sum is over all univalent vertices v of T with color col{v), and where Ty is 
the tree T "rooted" at v. 

Proof. We proceed by induction on the internal degree d of T. If d = 1, then T is a 
y-shaped diagram whose univalent vertices are denoted by ^1,^2,^3 in accordance with 
the cyclic order: 

= d3{col{v3) A col(f2) A col(fi)) 

= — [col(t'3), col(f2)] Acol(ui) + [001(^3), 001(^1 )] Acol(f2) — [col(u2), col(t'i)] A Cost's) 

= col(fi) A comm(r„J + col(f2) A comm(r„2) + col(u3) A comm(r^3). 

Assume now that T has internal degree d+1, and let r be a trivalent vertex of T which 
is adjacent to two univalent vertices. Then, T is the union of a tree A "rooted" at r 
with two "radicals" colored by g and h respectively: 



T = 



We denote by A' the g-colored Jacobi diagram obtained from A by coloring its root r 
with [g,h]. Then, we have 

d3{(p{T)) = d3{^iA')+gAhAcomin{A)) 

= col(a) A comm(A^) + [g, h] A comm(A) + 

{ — [g, h] A comm(A) + [g, comm(j4)] A h — [h, comm(A)] A g) . 
= col(a) A comm(A'^) + g A[h, comm(74)] + h A [comm{A), g], 

where the sums range over ah univalent vertices a ^ r of A. This proves the inductive 
step. □ 

Proposition 1.3. Assume that q is nilpotent of class k, i.e. r^+ig = {0}. Then, the 
map ^ restricts to a linear map 

+00 

$:0r,(0)^F3(0). 

d=k 

Moreover, this map is trivial in degree d > 2k. 

Proof. Let T be a connected 3-colored tree-shaped Jacobi diagram of internal degree d. 
Then, for each univalent vertex v of T, the rooted tree Ty has d + 1 leaves, so that the 
length of the commutator comm(Trf) is (d + 1). So, Lemma 11.21 implies that (j){T) is a 
3-cycle if d> k. 

Assume now that d > 2k. By the IHX relation, we can assume that each trivalent 
vertex r of T is adjacent to, at least, one univalent vertex. Let tJ^\ tJ^^ and tJ^^ be 
the three subtrees of T rooted at r. There exists j G {1, 2, 3} such that tJ-'^ has at least 

k trivalent vertices, so that comm(Tr"'^) belongs to T^+iQ = {0}. Then, formula ()1.2p 
shows that the 3-chain (j){T) is trivial. □ 

1.2. Case of a free nilpotent Lie algebra. Let H he a finite-dimensional vector 
space, and let 2,{H) be the free Lie algebra generated by H. The length of commutators 
defines a grading on 2{H): 

+00 

k=l 

To simplify the notation, we will often write £, instead of S^{H). Since £.>k+i coincides 
with Ffc+iii, the Lie algebra is the free nilpotent Lie algebra generated by H 

of nilpotency class k. Being graded, its Koszul complex A(£/£>fc+i) has a grading, and 
so has its homology: 

+00 

(£/ £>fc+i) = (£/ ^>k+i)d ■ 
d=i 

Those homology groups can be computed for low homological degrees as follows. First 
of all, the isomorphism 

H^Hi (£/£>fc+i) , h ^ [{h}] 

shows that Hi (£/ii>fc_|_i) is concentrated in degree 1. Next, by Hopf's theorem, we have 
an isomorphism 

(1.3) £fc+i ^ H2 {^/^>k+i) , [a, h] ^ [{a} A {h}] 



where a € and b G 2j for some i,j such that i + j = k + 1. Thus, H2 {£,/il>k+i) is 
concentrated in degree k + 1. 

The computation of {£/£>k+i) is done by Igusa and Orr in [iTl Section 5]. They 
apply the Hochschild-Serre spectral sequence to the central extension of graded Lie 
algebras 

(1.4) 0^£k^ £/£>fc+i ^ £/£>fc ^ 1, 
which gives 

(1.5) E^g'^ Hp+,{Z/Sl>k+i) where ^ ~ (£/£>fc) A^^fc. 

Their result can be summarized as follows in terms of the kernel of the bracket map 

Bk{H) := Ker ([-, -] : H ^ ilk-iiH) £fc(F)) , 
which we also simply denote by D^. 

Theorem 1.4 (Igusa-Orr). There exists an isomorphism of graded vector spaces 

2k+l 

10 : H3{£/£>k+i) ^ Dd 

d=k+2 

such that, for all m > k, the following diagram commutes 

i/a ) ^ ^ 0d=m+2 



canonical 



canonical 
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and such that the composition 



comet 



H,iil/il>k) ""'^^^^ i?3(£/£>.)fc+i '""T - C 

des with the differential d^ q of the spectral sequence il.5\) 

Hz{2./2,>k) = E^ Q '■ 9- Ef^^ = H ® 

Let us recall that the space D^, can be described in terms of tree diagrams, which leads 
to diagrammatic descriptions for Milnor's fi invariants of string links ^14] or, similarly, 
for Johnson homomorphisms of homology cylinders [lOj. Indeed, there is a linear majo 

rjk : Tk{H) ^ Dk+2{H) CH® £k+i{H) 

defined, for all connected tree-shaped //-colored Jacobi diagrams T, by 

(1.6) VkiT) := ^^col(ti) (g) comm(T„) 

V 

where the sum is over all univalent vertices v of T. See [27] for more details. Thus, one 
can expect from Theorem 11.41 a diagrammatic description of H3{£/£,>k+i), and this is 
achieved by the fission map. 



^ The definition of rjk given in [B] differs from the present one by the sign ( — I)''. But, this extra sign 
seems to be erroneous. 
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Theorem 1.5. Fission of tree diagrams defines a linear isomorphism 

2fe-l 



d=k 



which shifts the degree by +2. 



Proof. Since T{H) embeds into T(£/£>fc_|.i), this map <I> is given by Proposition 11.31 
It shifts the degree by +2 because a connected tree-shaped Jacobi diagram of internal 
degree d has d + 2 univalent vertices. 

Claim 1.6. For all m > 1, the following diagram commutes 



%n{H) 



-f^3 ('C/-C>m+1 )m+2 




IO„ 



D 



m+2 

It follows from Claim [TTU] that the map ^ is an isomorphism in the lowest degree. Then, 
for all d = k, . . . ,2k — 1, the commutative diagram 



H3{£/£>k+2)d+2 



d+2, 




Td{H) 



(whose horizontal maps are isomorphisms by Theorem ll.4p shows that the map $ is bi- 
jective in degree d. Thus, it is enough to prove Claim [L6l i.e. to check the commutativity 
of the diagram 



(1.7) 



Hs{£/2 



>m+l) 



"3,0 



H (gi £m+l- 

For this, we recall that the Hochschild-Serre spectral sequence associated to a central 
extension of Lie algebras 

^ f) ^ S ^ S/f) ^ 1 

is the spectral sequence associated to the chain complex C := (Ag, d) filtered by 

Cn= F nCn ^ ^n-lCn 13 • • • 3 J^oCn D T-lCn = {0} 

where 

J^pCn := Im ® g^P ^ ^ A^fl) C A"s = C,. 

At the second stage of this spectral sequence, we have 

p2 _ FpCp+qCld ^{J^p-2Cp-\-q-l) 



E: 



p,q 



FpCp+q n d{J-'p-\-lCp+q+l) + J-p-lCp+q H d ^ {J-p-2Cp-^q-l 



the differential d'i„ : E'l„ 
and there is an isomorphism 



Ep^2,q+i is induced by the boundary operator dp+q of C 



Hp{Q/i)) ® A'?f) ^ E. 
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defined by [{x}] (8) y i— > {x A y} for all y G A^f) and x G A^q such that dp{x) = mod f). 

We now take g := £/2>m+2, f) := -Cm+ij p = 3 and (? = 0. Let T be a tree-shaped 
connected //-colored Jacobi diagram of internal degree m. Let (/'(T) G be the 
3-chain for the free Lie algebra £ obtained from T by fission. Then, we have 

$„(r) = [{(P{T)}] G //3(£/£>m+l) 

where the inner {— } denotes the reduction A^£, {£, / ■ So, (M, Q^m{T) G E'f ^ 
is the class of d3(p{T) G A^£, for which Lemma 11.21 gives an explicit formula. By 
comparing this formula with the definition (II. 6p of rjm, we see that (i| Q^rn{T) G E'x i — 
H (g) £m+i coincides with rjmiT). □ 

Remark 1.7. Let H he a finitely-generated free Z-module, and let 2,{H) be the free 
Lie ring generated by H. Igusa and Orr's result (Theorem ll.4p is also valid for integer 
coefficients [IT] and, besides, the map 

2fc-l 

^ : %{H) ^ HMH)/^>k+i{H)), 
d=k 

is defined with integer coefficients as well. However, <1> is not bijective since r] is no1@ an 
isomorphism over Z. 



2. Expansions of the free group 

In this section, we review expansions of the free group |28ll21j and we focus on "group- 
like" expansions which are, essentially, identifications between the Malcev Lie algebra 
of the free group and the complete free Lie algebra. Finally, we introduce "symplectic" 
expansions of the fundamental group of a compact connected oriented surface, with one 
boundary component. 

2.1. Review of the Malcev Lie algebra of a group. Let G be a group. As shown 
by Jennings [18| and Quillen [36], the Malcev completion and the Malcev Lie algebra 
of G can be constructed from its group algebra Q[G]. The reader is referred to [36] 
for full details of their construction, which is only outlined below. We denote by / the 
augmentation ideal of Q[G]. The /-adic completion of Q[G] 

Q[G] :=limQ[G]//'= 

k 

equipped with the filtration 

/J:=lim/V/^ Vi>0 

is a complete Hopf algebra in the sense of Quillen [36]. Let A be the coproduct. 
Definition 2.1. The Malcev completion of G is the group of group-like elements of Q[G] 

M(G) := GLike(Q[G]) = {x G Q[G] : A(x) = xgx,x / o} 
equipped with the filtration 

VjU{G) := M(G) n (l + B) , Mj > 1. 

According to Levine [27) . r72fe is not surjective and 7)2fc+i is not injective. 
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The Malcev Lie algebra of G is the Lie algebra of primitive elements of Q[G] 

m(G) := Prim(Q[G]) 
equipped with the filtration 

Remark 2.2. Our notation for the filtration of xn{G) is justified by the fact that, for 
all j > 1, the j-th term of this filtration is the closure of Tjm{G) for the topology that 
it defines. A similar remark applies to M(G). 

The Malcev completion and the Malcev Lie algebra of a group G are equivalent objects 
derived from G. Indeed, as a general fact in a complete Hopf algebra, the primitive 
and the group-like elements are in one-to-one correspondence via the exponential and 
logarithmic series: 

log 

M(G) c 1 + / ^ I D m(G). 

exp 

The inclusion G G Q[G] induces a canonical map l : G — > M(G). It is injective if, and 
only if, G is residually torsion-free nilpotent or, equivalently, if the rational lower central 
series of G has a trivial intersection: 

f|{geG:3n>l,g"GrfcG} = {l}. 

k>l 

In such a case, we will omit the map l to simplify notations. For example, free groups 
and free nilpotent groups are residually torsion-free nilpotent. 

Classically, the "Malcev completion" of a nilpotent group refers to its uniquely- 
divisible closure. It has been proved by Jennings in the finitely generated case [18] and 
by Quillen in general [36j that M(N) is a realization of this closure. To be more specific, 
let us recall that a uniquely- divisible closure of a nilpotent group A is a pair {D,i), 
where 

. D is nilpotent and is uniquely-divisible: Vy & D,yk > 1, 3!x ^ D,x^ = y, 

. z : A — > is a group homomorphism whose kernel is the torsion subgroup of A, 

. yx£ D,3k> l,x^ G i(A). 

Malcev proved that the uniquely-divisible closure of a nilpotent group A exists and is 
essentially unique. (See [20] for instance.) It is usually denoted by A 03 Q. 

Theorem 2.3 (Jennings, Quillen). The canonical map i : G ^ M(G) induces a group 
isomorphism 

i:\mi{{G/TkG)®Q) ^ M(G). 

k 

The Malcev Lie algebra of a group G being canonically filtered, there is a graded Lie 
algebra Gr m(G) associated to it. This graded Lie algebra has been identified by Quillen. 

Theorem 2.4 (Quillen). The map \ogi : G — > m{G) preserves the filtrations (G being 
filtered by the lower central series), and it induces a graded Lie algebra isomorphism: 

(Grlogi) ®Q : GrG®Q ^ Grm(G). 

The first statement is an application of the Baker-Campbell-Hausdorff formula, and the 
second statement follows from [36| Theorem 2.14] combined to the main result of |35) . 



X e 



A( 



x0l + 10X 



m(G)n/i, Vi>l. 
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2.2. Group-like expansions. Let F be a finitely-generated free group, and let H be 
the abelianization of F with rational coefficients: 

H:= {F/T2F)®q. 

We denote by T{H) the tensor algebra of H, and by T{H) its degree completion. If one 
forgets its addition, one can regard T{H) just as a monoid. 

Definition 2.5. An expansion of the free group -F is a monoid map 6 : F ^ such 
that 

Vx G F, ^(x) = 1 + {x} + (deg > 2). 

Expansions have been studied by Lin in his work on Milnor's ^ invariants [28], and 
by Kawazumi in his study of Johnson homomorphisms |2T] . 

Example 2.6. Assume that F comes with a preferred basis b = (bi, . . . , b,i). The 

Magnus expansion of F relative to b is the unique expansion defined by 

Vi = l,...,n, 6^{bi):=l + {bi}. 

This expansion plays an important role in combinatorial group theory and low-dimensional 
topology, and has the peculiarity to exist with integer coefficients. 

It is well-known that there is a canonical graded algebra isomorphism 

GrQ[F] = ^ T(i/) 

fc>0 

defined by ///^ 9 {x — 1} i— {x} € H: See, for example, [5] or [29]. Thus, we can 
identify GrQ[F] with T{H) = GtT{H). 

Proposition 2.7 (Lin, Kawazumi). An expansion 9 of F extends to a unique filtered 
algebra isomorphism 

: q[F] ^ T{H) 

which is the identity at the graded level. Conversely, any such isomorphism 9 restricts 
to an expansion 9 : F ^ T{H). 

It follows that, for any two expansions 9 and 9' of F, there exists a unique filtered 
algebra automorphism ip : T{H) — > T{H) inducing the identity at the graded level and 
such that lb o 9 = 9' ^\2H\. 

Proof of Proposition \27^ The monoid homomorphism 9 : F ^ T(//) induces a unique 
algebra map 9 : Q[F] — > T{H) which sends the augmentation ideal / to the ideal T>i{H) 
and, so, preserves the filtrations. Hence a filtered algebra homomorphism 

9 : q[F] T{H). 

Clearly, Gr9 is the identity in degree 1 and, so, is the identity in any degree. By 
completeness, it follows that 9 : Q[F] ^ T(i?) is an isomorphism. 

Conversely, given a filtered algebra isomorphism 9 : Q[F] T^{H) that induces the 
identity at the graded level, we get an expansion 9 : F ^ T(ff) by composition with 
the canonical monomorphism t : F — > Q[F]. □ 

Among expansions of the free group F, we prefer those with the following property. 

Definition 2.8. An expansion ^ : F — > T{H) is group-like if it takes values in the group 
of group- like elements of T{H). 
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For instance, the Magnus expansion from Example 12.61 is not group-like. 

Example 2.9. Let b = (bi,...,b„) be a basis of F. The group-like expansion of F 
relative to b is the unique expansion defined by 

Vi = l,...,n, 9b{bi) := exp{{bi}). 

The following analogue of Proposition 12.71 is proved along the same lines. 

Proposition 2.10. A group-like expansion 9 of F extends to a unique filtered Hopf 
algebra isomorphism 

9 : Q[F] ^ T{H) 

which is the identity at the graded level. Conversely, any such isomorphism 9 restricts 
to a group-like expansion 9 : F ^ T(f/'). 

Let us restate this characterization of group-like expansions in terms of Lie algebras. 
For this, we need the canonical isomorphisms 

£{H) ^Grm(F). 



GrF(g)Q 

The left-hand isomorphism is defined to be the identity in degree 1 [5l [29] , while the 
right-hand isomorphism is given by Theorem 12. 4[ Thus, we can identify Grm(F) with 
£{H) = Gi£{H). 

Corollary 2.11. A group-like expansion 9 of F induces a unique filtered Lie algebra 
isomorphism 

9 : m{F) ^ £.{H) 

which is the identity at the graded level. Conversely, any such isomorphism 9 induces a 
unique group-like expansion 9 : F ^ T{H). 

Proof. This follows from Proposition 12.101 since we have 

m(F) = Prim(Q[F]) and £,{H) = Prim(T(i?)) 

and since we have, conversely, 

Q[F] = U(m(F)) and T{H) = U(£(F)). 

Here, for q a Lie algebra, U(0) denotes the J-adic completion of the universal enveloping 
algebra of g, where J is the ideal of V{q) generated by g. □ 

Group-like expansions are useful to compute the Malcev Lie algebra of a finitely 
generated group. Indeed, we have the following statement. 

Theorem 2.12. Let R be a normal subgroup of F and let 9 be a group-like expansion 
of F. We denote by {{log9{R))) the closed ideal of £,{H) generated by \og9{R). Then, 
9 : m(F) — > £,{H) induces a unique filtered Lie algebra isomorphism 

9 -.miF/R) ^2{H)/{{log9iR))). 

In particular, if R is normally generated by some ri, . . . , r^, we can see from the Baker- 
Campbell-Hausdorff formula that 

{{log9{R))) = {{log9{n),...,log9{r,))). 

Thus, Theorem l2.12l is a recipe to compute the Malcev Lie algebra of a finitely presented 
group. This is well-known for the group-like expansion 9 relative to a basis of F [32]. 
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Proof of Theorem \2.1^ The canonical projection F F/R induces a filtered Lie alge- 
bra homomorphism m{F) m{F/R) which, obviously, vanishes on log(r) for all r G i?. 
So, we have a filtered Lie algebra map 

p:m{F)/{{log{R))) ^m{F/R). 
Claim 2.13. p is an isomorphism at the graded level. 

By completeness, it follows that p is an isomorphism. Besides, the filtered Lie algebra 
isomorphism 9 : m{F) — > 2,{H) given by Corollary 12.111 induces 

e : m(F)/((log(i?))) £{H)/{{log e{R))). 

Then, the composition ^ op" i : m{F/R) £{H)/ {{log0{R))) is our filtered Lie algebra 
isomorphism 9. 

To prove Claim 12.131 we look at the following diagram: 

Grm(F) Gr (m(F)/((log(i?)))) Gr m(F/i?) 



Gr F (g) Q ^ Gr{F/R) Q. 

Here, the vertical maps are given by Theorem 12. H the horizontal maps are induced by 
canonical projections and the diagonal map 

m ^"-^-^ f>g-Cr^-g :Gr "^(^^ -m rnm(F) + ((log(i?))) 

is defined by {x} (8) 1 i— > {log(x)} for all x € r„F • R. We deduce from that diagram that 
Grp is an isomorphism. □ 

We can deduce a nilpotent version of Corollary 12.111 

Corollary 2.14. Let m > 1 and let 9 be a group-like expansion of F. Then, the 
isomorphism 9 : m(F) — > £,{H) induces a unique filtered Lie algebra isomorphism 

9 : m(F/r„+iF) ^ Sl{H)/£>„.+i{H). 

Proof. Let (bi, . . . , b^) be a basis of F. By Example 12.91 ^{P) is the complete free Lie 
algebra generated by . . . , bn) where bi := log(bj). The Baker-Campbell-Hausdorff 
formula implies that, for all r > 1 and for alHi, . . . , v G {1; ■ ■ ■ , n}, 

log([bii,[bi2,[...,biJ •••]]) = ..,6iJ---]] mod r^+im(F). 

We deduce that ((log(rm+iF))) = Tm+ixn{F) and we conclude by applying Theorem 
[2l2]to = r^+iF. □ 

2.3. Symplectic expansions. Let S be a compact connected oriented surface of genus 
g with one boundary component. The fundamental group of E relative to * G dTi 

TT := vri(S, *) 

is a free group of rank 2g. The oriented boundary curve defines a special element 

C G vr. 

The first homology group of S with rational coefficients 

F:=i7i(S) 
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is a vector space of dimension 2g. The intersection pairing defines a symplectic form lu 
on H and, so, a duality 

(2.1) H^H*,hi — >u{h,-). 
The bivector dual to a; G A^H* is still denoted by 

cu G A^H ~ £2iH). 

Each system of meridians and parallels (ai, . . . , Ug, (3i, . . . , (3g) on the surface S, as 
shown on Figure [2m defines a basis (ai, . . . , a^, bi, . . . , b^) of vr, as well as a basis 
(ai, . . . , Og, 6i, . . . , 6g) of In terms of these basis, ( and to write 

9 9 

C = n [a*' b"^] G TT and w = ^[a^, 5^] G ^al^^)- 

1=1 i=l 




Figure 2.1. The surface S and a system of meridians and parallels (a,/?). 

Definition 2.15. An expansion : vr — > T{H) is symplectic if it is group-like and if it 
sends C to exp(— w). 

Bene, Kawazumi and Penner show in [3] how to build a group-like expansion of vr from 
any "fatgraph presentation" of the surface S, but this kind of expansion does not seem 
to be symplectic [31 §6]. The group-like expansion ^(a,b) relative to the basis (a, b) of vr 
(see Example 12. 9p is not either. Nevertheless, 6'(a,b) can be "deformed" to a symplectic 
expansion as the next proof shows. 

Lemma 2.16. Symplectic expansions do exist. 

Proof. By Corollary 12.111 proving the existence of symplectic expansions is equivalent 
to proving the existence of a filtration-preserving isomorphism 6 : m(7r) ^{H) which 
induces the identity at the graded level and satisfies 6'(log(C)) = — The isomorphism 
^(a,b) '■ Tri(7r) — > il{H) induced by the expansion ^(a,b) of vr satisfies 

^(a,b)(l0g(C))=l0g(^(a,b)(C))=5 

where we set 




So, it is enough to show that there exists a filtration-preserving Lie algebra automor- 
phism 1/; : £{H) ^{H) which is the identity at the graded level and sends —uj to u): 
Then, the Lie algebra isomorphism := o 0(a,b) will have the desired properties. 
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Claim 2.17. Let n > 1. For all i = 1, . . . ,g and for all j = 2, . . . , n, there exist some 



u~i\v\^^ G £j such that 



E 

i=l 



j=2 i=2 



(i) 



mod -C>n+2- 



This statement is proved by induction on n > 1. For n = 1, Claim [2TT71 holds because 
the Baker-Campbell-Hausdorff formula shows that 

9 ^ 

i=l 



If Claim [2. 171 holds at step n, then the Lie series 

9 



1=1 



i=2 



i=2 



starts in degree n + 2. Using the Jacobi identity, we can write the degree n + 2 part of 
d as 

a 



i=l 



+ 



■n+2 



for some ui^'^^\v'f^'^^^ G -Cn+i- We then have 



i=2 



n+l n+1 



+ 



i=2 



mod £>n+3, 



which proves Claim !?. 171 at step n + l. 

Of course, those Lie words are not unique but, as the above induction shows, 

we can choose those words at step n + 1 in a way compatible with those chosen at step 
n. Then, we define a filtration-preserving Lie algebra endomorphism ip : £,{H) ^(H) 
by the formulas 

^(a,) := oi + ^ and ifjih) := 6^ + ^ v^^K 

i>2 i>2 

Clearly, i/j induces the identity at the graded level and so, by completeness, i/j is an 
isomorphism. Moreover, it satisfies 



1=1 



i=l 



n n 



i=2 



i=2 



-UJ mod £>n+2 



for all n > 1, so that we have 'ip{oj) 



-UJ. 



□ 



If we allow coefficients to be in M rather than in Q, then the "harmonic expansions" 
considered by Kawazumi in ^2] are symplectic. Symplectic expansions with real coef- 
ficients also appear implicitely in [28], where the following proposition is proved using 
Chen's iterated integrals. 
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Proposition 2.18. Let S be the closed connected oriented surface of genus g, which is 
obtained from S by gluing a 2-disk along its boundary. Then, any symplectic expansion 
6 of TT induces an isomorphism of filtered Lie algebras 

9:miMS,*))^£iH)/{{u)) 

where {{to)) denotes the closed ideal of £{H) generated by u. 

Proof. The fundamental group of S has the following presentation: 

7ri(S',*) = (ai,...,ag,bi,...,bg|C). 

So, according to Theorem 12 .121 any symplectic expansion of vr induces an isomorphism 
e:m(7ri(5,*))^£(/7)/(H). □ 

It does not seem easy to describe by a closed formula an instance of a symplectic 
expansion. Nevertheless, we can still compute a symplectic expansion up to some finite 
order. The following has been found using the computer algebra software Axiom. 

Example 2.19. There is a symplectic expansion 6 of the following form: 

log6i(ai) = ai-'^[ai,bi] + ^[[ai,bi],bi] + ^^[[aj,bj],ai] 

^[ui, [oi, [ai,bi]]] - J ^[[aj,bj], [ai,bi]] + (deg > 5) 



j<i 

log6'(bi) = bi-^[ai,bi] + ^[ai,[ai,bi]] + ^[[ai,bi],bi] 



j<i j<i 

-^[[[oi, bi],bi],bi] - J ^[[aj,bj], [at, bi]] + (deg > 5). 



2^ LLL '-J ' ' ^-J ^ 

j<i 



3. The total Johnson map 

Let E be a compact connected oriented surface of genus g, with one boundary com- 
ponent. The Torelli group of T, is denoted by 

I = I{T.). 

In this section, we review the total Johnson map relative to a group-like expansion, 
which contains all Johnson homomorphisms and has been introduced by Kawazumi in 
[21]. The total Johnson map is originally defined on I, but it is easily extended to the 
monoid 

C = C(S) 

of homology cylinders over S. Next, we consider certain truncations of this map which 
define homomorphisms on subgroups of the Johnson filtration, and have diagrammatic 
descriptions if the choosen expansion is symplectic. 
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3.1. The Dehn— Nielsen representation. The canonical action of the Torelh group 
of S on its fundamental group defines a group homomorphism 

p:l — > Aut(7r) 

which, by a classical result of Dehn and Nielsen, allows one to study I as a subgroup of 
Aut(7r). 

Theorem 3.1 (Dehn-Nielsen) . The homomorphism p is injective, and its image is the 
group 

IAut^(7r) 

of automorphisms of vr that fix Q = [dTj\ and induce the identity at the abelianized level. 

We wish to consider an "infinitesimal" version of the Dehn-Nielsen representation p. 
For this and further purposes, let us recall how, in general, an action 

A:M — ^ Aut(G) 

of a monoid 7W on a group G can be transported to an action of on the Malcev Lie 
algebra m(G): 

a:M — ^ Aut (m(G)) . 
Each automorphism ^' of G induces an automorphism Q[^'] of the filtered Hopf algebra 
Q[G]. So, by restricting to the primitive part, we get a filtered Lie algebra isomorphism 
m(\I') : m(G) —i- m{G). Thus, we obtain a group homomorphism 

m : Aut(G) — > Aut(m(G)) 

with values in the group of filtration-preserving automorphisms of m(G). Then, we 
define the "infinitesimal" version of A to be a := m o A. 

Lemma 3.2. If G is residually torsion-free nilpotent, then the map 

m : Aut(G) — > Aut(m(G)) 
is an isomorphism onto the subgroup 

Auti„g(G)(m(G)) := G Aut(m(G)) : ^l>{\og{G)) = log(G)}. 

Proof. By assumption on G, the canonical map l : G ^ M(G) defines an inclusion 
G C M(G). For all ^ G Aut(G), we have 

(3.1) VgGG, m(vI/)(log(g)) =log^(g) 

so that m(^') belongs to Autiog(G)(iTi(G'))- Conversely, given ^p G Autiog(G)(iTi(G'))) we 
define a map \I' : G ^ G by 

Vg G G, ^'(g) := expVlog(g). 

A map : G ^ G is defined similarly from ip~^. It is easily checked that = 
= Id-G and, using the Baker-Campbell-Hausdorff formula, that \1' is a group homo- 
morphism. So, ^' is a group automorphism of G which satisfies m(^') = ip. Thus, the 
surjectivity of m onto Autiog((;;)(m(G)) is proved. Its injectivity follows from (13. Ih . □ 

We come back to the fundamental group vr of S. By the previous discussion, we 
obtain an "infinitesimal" version of the Dehn-Nielsen representation 

(3.2) q:I — > IAutiog((>) (m(7r)) 

defined by g := mop and with values in the group of filtration-preserving automorphisms 
of m(7r) that fix log(C) and induce the identity at the graded level. As an application of 
Lemma 13.21 we obtain an "infinitesimal" formulation of Theorem 13.11 
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Theorem 3.3. The map q :T ^ IAutiog{^) (m(7r)) is injective, and its image is 
q{1) = {V' e IAutiog((:)(m(^)) : V'(log(vr)) = log(7r)}. 
Finally, assume that we are given a group-like expansion ^ of vr. Then, we denote by 

IAuteiog(^)(£) 

the group of filtration-preserving automorphisms of £ = 2^{H) that induce the iden- 
tity at the graded level and fix the element 6\og{C,). The infinitesimal Dehn-Nielsen 
representation can be recorded as the group homomorphism 

^« :2:^IAuteiog(c)(2) 

defined by 

(3.3) Q\f) := e o Qif) oe-' = 9o m(A) o 

where 9 : m(7r) ^ £ is the Lie algebra isomorphism given by Corollarv 12.111 

3.2. Johnson homomorphisms and the total Johnson map. Let us now review 
Johnson homomorphisms in a few sentences, the reader being referred to [191 [30] for 
details. For each integer A; > 1, the Dehn-Nielsen representation p induces a group 
homomorphism 

pi,:l — > IAut{^}(7r/rfc+i7r) 

with values in the group of automorphisms of vr/rfc+ivr that fix and induce the 
identity at the abelianized level. Let X[k\ be the kernel of pk- The sequence of subgroups 

X = D T[2] D I[3] D • • • 

is called the Johnson filtration of I. To define Johnson homomorphisms, one considers 
the short exact sequence 

1 ^ Hom(7r/r27r,rfc+i7r/rfc+27r) Aut(7r/rfc+2vr) Aut(7r/rfc+i7r) 

where a group homomorphism t : 7r/r27r — > T k+iT^ /T goes to the automorphism of 
7r/rfc+2'/r defined by {x} i— > {x-t({x})}. Thus, the map pk+i restricts to a homomorphism 

Tfc : I[k] Hom(7r/r27r, rfc+i7r/rfc+2vr) ® Q ~ Rom{H, £k+i{H)) ^ H (g) £k+i{H). 

Here, the first isomorphism comes from the canonical identification between 2,n{H) and 
(r„7r/r„+i7r) (8)Q and the second isomorphism is induced by the duality H* ~ H defined 
at (12. ip . The map@ is known as the k-th Johnson homomorphism and is considered, 
here, with rational coefficients. 

Next, following [21], we give an equivalent description of the infinitesimal Dehn- 
Nielsen representation g. For this, we fix a group-like expansion 9 of vr. 

Definition 3.4 (Kawazumi). The total Johnson map relative to the group-like expan- 
sion 9 is the map 



-IdH- 

H 



^^ X ^ Rom{H, £>2), / ^ g'if) 
The total Johnson map can be decomposed as follows: 

= E € n ^ ® -^^+1 - Hom(i/, £>2). 

m>l m>l 

Such notation and terminology are justified by the following result from [21], whose 
proof is given here for the sake of completeness. 



^This definition of Tk differs by a minus sign from that given in [B]. 
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Theorem 3.5 (Kawazumi). The degree k part of the total Johnson map, restricted to 
the k-th term of the Johnson filtration, coincides with the k-th Johnson homomorphism: 

I[k] 

Proof. Let / € T[k] and let {x} ^ H he represented by x G vr. We set 

q := x"^ • /*(x) G r^+iTT 
so that, by definition of t^, we have 

(3.4) Tfc(/)({x}) = {q} G ® Q ~ £^+1. 

We also set 

X2:=9-\{y.})-\og{x) G m(7r). 
Since ^(x) = 1 + {x} + (deg > 2), X2 belongs to r2m(7r). Then, we have 
9xn{f.)e'\{x}) = 0m(/.)(log(x) + X2) 

= 6'(log(/*(x)) +X2 + 2;fc+2) 

= 6'(log(x • q) + 3;2 + Xk+2) 

= 6'(log(x) + log(q) + Xfc+2 + X2 + Xk+2) 

= 9{e~\{x}) + log(q)) + eixk+2 + 4+2) 

= {x} + 01og(q) +0(Xfc+2 + 4+2)- 

Here, Xk+2 and x^_,_2 are some elements of rfc-(_2iTi(7r) and the fourth identity follows 
from the Baker-Campbell-HausdorfF formula. Since 0{xk+2 + ^'k+2) belongs to £>fc_|_2, 
we deduce that 

(/)({x}) = {^log(q)} G £>fc+i/£>fc+2 ^ 
Since 6 : m(7r) — > £ induces the identity at the graded level, we conclude that 

-rf (/)({x}) = {q} ^ rfe(/)({x}) G Tk+in/Tk+27T 

□ 



Remark 3.6. In fact, Kawazumi considers in [21] expansions which are not necessarily 
group-like, so that he works with T{H) instead of 2,(H). He proves Theorem 13.51 in this 
more general context. 

3.3. Extension to the monoid of homology cylinders. As shown in [TO], the John- 
son homomorphisms can be extended from the Torelli group I to the monoid of homology 
cylinders C. Indeed, by definition, a homology cylinder C comes with a parametrization 
of its boundary 

c: 9(S X [-1,1]) ^dC. 
This map c splits into C-^. and where 

c± := c|sx{±i} '■ ^ — ^ C. 

The map c± is a homological equivalence so that, by Stalling's theorem [38], it induces 
an isomorphism at the level of the k-th nilpotent quotient for every integer A; > 1. Thus, 
one gets a monoid homomorphism 

Pk : C — > IAut{^}(7r/rfc+i7r), C 1 — > c_,*"-^ o c+,^=. 
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Let C[k] be the kernel of pk- The sequence of submonoids 

C = C[l] dC[2] dC[3] D ••• 

is called the Johnson filtration of C. Then, as in the case of the Torelli group, the map 
Pk+i restricts to a monoid homomorphism 

Tk:C[k] HCS£k+i{H). 

The total Johnson map relative to a group-like expansion 9 can also be extended 
from I to C in the following way. For all A; > 1, there is an "infinitesimal" version of the 
homomorphism 

(3.5) Qk-.C — > lAutiogd^}) (m(7r/rfc+i7r)) 
defined by Qk := m o p^. Lemma \J?2\ implies that 

(3.6) Ker{gk) = C[k]. 

By conjugating with the Lie algebra isomorphism 9 from Corollary 12. 14^ we obtain a 
monoid homomorphism 

Qk ■ C > IAuteiog({(})(£/£>A:+l)- 

Equivalently, we can consider the map 

rfi ,f : C Hom(i7,£>2/£>fc+i), C ^ giiC) 
For all Z > A; > 1, we have the following commutative triangle 

Hom(i/,£>2/£>i+i) 

Ti,fe[ 

Hom(l/,£>2/£>fc+i) 

where the vertical map is induced by the canonical projection £>2/-C>i+i £>2/£>fc+i. 
Therefore, we can take the inverse limit as k ^ +oo of the maps Tj^ to obtain a map 

:C — > Rom{H,£>2) 

whose restriction to I coincides with Kawazumi's total Johnson map. Theorem 13.51 and 
its proof can be extended without difficulty to homology cylinders. 
Equivalently, we can consider the monoid homomorphism 

^^C^IAuteiog(^)(£) 

which sends any homology cylinder C to the unique filtration-preserving automorphism 
of £ whose restriction to H is Idn +t^{C). If restricted to the Torelli group, this 
definition agrees with (jS.Sp . 



-Uh. 

H 




3.4. Truncations of the total Johnson map. In the next sections, we will be mostly 
interested in certain truncations of the total Johnson map r^. These are introduced in 
the next statement. 

Proposition 3.7. The degree [k,2k[ truncation of the total Johnson map , restricted 
to the k-th term of the Johnson filtration, 

2fc-l 2k-l 

4,2kl ■=J2^^- ^[^] ^®H(^ ~ Hom(/7,£>fc+i/£>2fc+i) 

m=k m=k 
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is a monoid homomorphism. Moreover, its kernel is C[2k]. 

Proof. For all C G C[k], ''"[^2A;[(^) ^^'^ computed from Q2k{C) G Aut(£/£>2A,.+i), and 
vice-versa, thanks to the following equation: 

(3.7) qUC)\^ = Id^,+rf, 2,[(C7) = Id^^+Tf, 2,[(C) G Hom(//, £/£>2fc+i). 

Here, the second identity follows from the fact that Qf.{C) is the identity, so that Tj^ 2fc[(^) 
starts in degree k. So, for all C,D ^ we have 



H 



H 



Q2k{D) , +^>LP)o<2fc[(C) 



H 



[k;. 



Here, the last identity is an instance of the following elementary fact: For all c G 
Hom(ff, £>/c_(_i/£>2fc+i) and for all d G Aut(£/£>2A:+i) that reduces to the identity 
modulo £>fc4-i/£>2A:+i) we have do c = c. Thus, we conclude that 

Finally, we also deduce from (j3.7p that T[^2fc[(^) trivial if and only if Q2k{C) is the 
identity, which amounts to say that C belongs to C[2k] by ()3.6p . □ 

When the expansion 6 is symplectic, the homomorphism Tj^ 2fc[ defined in Proposition 
13.71 has a diagrammatic description. 

Proposition 3.8. Assume that the expansion 9 is symplectic. Then, for all C G C[k] 
and for all j G {k, . . . ,2k — 1}, the Lie bracket of t^{C) £ H (g) -Cj+i is trivial. Thus, we 
have 

where the diagrammatic space Tj(H) and the map rj have been introduced in Section \1.2l 

Proof. Let (a, (3) be a system of meridians and parallels for the surface S, and let (a, b) 
be the corresponding basis of H. Since C acts trivially on m(7r/rfc_|_i7r), we have 

2k 2k 

/(C)(a,) = a,+ mod £>2fc+i and ^>^(C)(6,) = 6, + ^ v^'^ mod £>2fc+i 

j=k+l j=k+l 

where u- G £j for sdl j = k + 1, . . . ,2k. Then, we obtain 

/ 3 \ 9 2k 

e'{C){Lo) = e'^{C)iY.^a,,h]\^u: + Y, E + mod£>2fc+2. 

\j=l / 1=1 j=k+l 

Since 6 is sympletic, Q^{C) fixes a; and we deduce that 
g 

(h, t-F^] + [u^\bi\) = G £,+1, Vi = A: + 1, . . . , 2A:. 
Since Tj{C) G H ® ^j+i is given by 

i=l 
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for all j = k, ... ,2k — 1, we conclude that its Lie bracket is zero. □ 



4. Infinitesimal Morita homomorphisms 

In this section, we define the Lie version rrik of the k-th Morita homomorphism M^, 
and we show the equivalence between and M^. Next, we relate to the degree 
[A;, 2k[ truncation of the total Johnson map and we deduce some properties for m^,. 

4.1. Definition of the infinitesimal Morita homomorphisms. For each integer 
k > 1, we define a monoid homomorphism 

rrik : C[k] — > H3 (m(7r/rfc+i7r)) 

in a way very similar to the original definition of [301 [37] , the bar complex of a group 
being replaced by the Koszul complex of a Lie algebra. Details are as follows and need 
the following preliminary. 

Lemma 4.1. The linear map 

H2 (m(^/r„+i7r)) H2 (m(^/r^+i^)) , 

induced by the canonical Lie algebra homomorphism m(7r/r„_|_i7r) — > m(7r/r,„+i7r), is 
trivial for all n> m. Besides, the linear map 

H3 (m(^/r„+i7r)) H3 (m(^/r^+i^)) 

is trivial for all n > 2m. 

Proof. Let {a, (3) be a system of meridians and parallels for S, and let (a,b) be the 
corresponding basis of vr which defines a group-like expansion ^{a,b) of (Example 12. 9[) . 
We also denote by (a, 6) the basis of H defined by (a,b). According to Corollarv 12.141 
^(a,b) induces for all m > 1 an isomorphism 

£/£>m+i Tn(7r/rm+i7r) 

defined by {aj} 1— > log({aj}) and 1— > log({bi}). Moreover, this isomorphism is 
compatible with the reduction maps 

£/£>n+i £/£>m+i and m(7r/r„+i7r) m(7r/rm+i7r) 

for all n > m. Therefore, the lemma follows from (jl.3p and from Theorem 11.41 □ 

We choose z G A^m(7r/r2fc+27r) such that ^2(2;) = — log({C}) in the Koszul complex of 
the Lie algebra m(7r/r2A:+27r). Such a z exists since, by the Baker-Campbell-Hausdorff 
formula, we have 

{C} e r2(7r/r2fc+2vr) =^ log({C}) G r2m(7r/r2fc+2vr). 

We denote by {z} G A^m(7r/r2fc+i'/r) the reduction of z. Let C G C[k] for which we wish 
to define mk{C). We have 

d2{{z} - Q2k{C){{z})) = -log{C} + Q2k{C){log{C}) = G m(7r/r2fc+i7r). 

Thus, {z} — g2kiC){{z}) is a 2-cycle which, by Lemma HTT] is null-homologous. So, we 
can choose a tc ^ A^m(7r/r2A;+i7r) such that 

dsitc) = {z} - g2k{C){{z}) G A2m(7r/r2fc+i7r). 

Observing that the reduction {tc} G A^m(7r/rfc+i7r) is a 3-cycle since QkiC) is the 
identity, we set 

mk{C) := [{tc}] G H3 (m(^/rfc+i^)) . 
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Lemma 4.2. The above discussion defines a monoid homomorphism 

nik ■■ C[k] — > H3 (m(7r/rA;+i7r)) . 

Proof. First, assume that a different choice of tc, say t'^, has been done in the above 
discussion. Then, the difference tc — t'(j G A'^m(7r/r2fe+ivr) is a 3-cycle whose reduction 

{tc - t'c} = {tc} - {t'c} e A3m(7r/rfc+i7r) 

must be null-homologous by Lemma [4. II So, the choice of tc is irrelevant. Next, assume 
that a different choice of z, say z', has been done. The difference 

5:= z-z' G K^xn{Ti/T2k+2'^) 

is then a 2-cycle whose reduction {5} G A^m(7r/r2fc+ivr) must be null-homologous by 
Lemma ILTI Let e G A^m(7r/r2fc+i7r) be such that ^3(6) = {5}. The 3-chain 

t'c := tc - e + Q2k{e) ^ K^m{TT /T2k+i^) 

satisfies 

dzit'c) = {z'] - Q2k{C){{z'}) G A2m(^/r2fc+i7r), 

and we have 

{t'c} = {tc} - {e} + Qk{{e}) = {tc} G A3m(7r/rfc+i7r). 

We conclude that [{^c*}] only depends on C, so that the map nik is well-defined. 

Let D ^ C[k] be another homology cylinder, for which we choose £ A'^m(7r/r2A;+ivr) 
satisfying 

d^ito) = {z} - Q2k{D){{z}) G A2m(Vr2fc+i^). 

Thus, we have mk{D) = [{to}]- The 3-chain t := tc + Q2k{C){tD) S A^m(7r/r2A:+i'?r) 
satisfies 

dz{t) = dsitc) + Q2k{C) {d^ito)) = {z} - Q2k{C o D){{z}). 
Therefore, we have 

nikiC o D) = [{t}] = [{tc} + QkiCKitD})] = mk{C) + mk{D) 
and we conclude that the map nik is a monoid homomorphism. □ 

4.2. Pickel's isomorphism. Let G be a finitely generated torsion-free nilpotent group. 
Let us recall how Pickel relates the homology of G to the homology of m(G) in [33]. First, 
he shows that Q[G] is flat as a Q[G]-module and that, similarly, U(m(G)) is flat as an 
U(m(G))-module. Next, he deduces from that the inclusion m{G) C Q[G] induces 
an algebra isomorphism 

U(m(G)) ~Q[G]. 

Finally, he considers, for all n > 1, the following sequence of isomorphisms: 

Tor^'^^ (Q, Q) — Tor?^l (Q, Q) Tor^^^^^^^ (Q, Q) Tor:^(-(«)) (Q, Q) 

Hn{G) ^Hn{m{G)). 

In dimension n = 3 and for G = ir/Tk+iTT, Pickel's isomorphism links the k-th Morita 
homomorphism to its inflnitesimal version. 
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Proposition 4.3. The following diagram is commutative: 

HsimiTT/Tk+lTT)). 

Proof. We need to make Pickel's isomorphism explicit at the chain level. Let G be a 
finitely generated torsion-free nilpotent group, for which we set 

R := q[G] = U(m(G)). 

Let B ^ Q ^ he a free resolution of Q as a Q[G]-module, and let — > Q — > be a 
free resolution of Q as an U(m(G))-module. Then, by tensoring and using that Q[G] is 
flat as Q[G]-module, we get a free resolution of Q as a Q[G]-module: 

Similarly, we obtain a free resolution of Q as an U(m(G))-module: 

U(m(G)) 0u(m(G)) K^Q^O. 
Thus, there exists a homotopy equivalence of chain complexes over the ring R 

(4.1) / : Q[G] ®Q[G] B U(m(G)) ®u(m{G)) K 

(which is unique up to homotopy). Therefore, we get a homotopy equivalence 

(4.2) Q0jj/ : Q®Q[G]B = Q(^r{R(S)q[g] B) Q(S)r{R (S)vim{G)) K) = Q®u(m(G))^ 
and Pickel's isomorphism is 

P = Hn{Q ®R f) : Hn{G) = HniQ ®Q[G] B) HniQ ®u{m{G)) K) = F„(m(G)). 
Let us now assume that B is the bar resolution for Q[G]: 

— Si— i?o — Q — 



where Bn = Q[G] • G^", e is the augmentation of Q[G] and 



n-l 



(gl I • • • |gn) = gl • (g2 I • • • |g„) + ^(-1)' • (gl I • • • |gigi+l I • • • |gn) + (-1)" • (gl | ' ' ' |gn-l)- 



i=l 



We also assume that K is the Koszul resolution for U(m(G)): 

.K^^Ki^Ko — Q — 



where Kn = U(m(G)) (g) A"m(G), rj is the augmentation of U(m(G)) and 

n 

dn{l0 gi A--- Agn) = ^{-ly^^ 9i (S> gi A ■ ■ ■ gi ■ ■ ■ A gn 

1=1 

l<i<j<:n 

For such resolutions B and K, Suslin and Wodzicki construct in [39, Section 5] a homo- 
topy equivalence / of the form ()4.ip . This chain map / is derived from a contracting 
homotopy of the free resolution U(m(G)) ®u(m(G)) K of Q, which is itself defined by 
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means of the Poincare-Birkhoff-Witt isomorphism. Besides the fact that it is the iden- 
tity of R in degree 0, we record two properties of the homotopy equivalence /: First, it 
is functor ial in G and, second, it is given in degree 1 by 



/(1®5)= V^log(5r-^0log(5). 



n. 

n>l 

We deduce that there exists a homotopy equivalence of the form (j4.2p between the 
bar complex of G with trivial coefficients and the Koszul complex of m(G) with trivial 
coefficients, which is functorial in G and is the log map in degree 1. This is exactly what 
we need to conclude that Morita's definition of ^30* iSTj corresponds to our definition 
of m-fc through Pickel's isomorphism. □ 

4.3. Properties of the infinitesimal Morita homomorphisms. The A:-th infini- 
tesimal Morita homomorphism corresponds (up to a minus sign) to the degree [A;,2/c[ 
truncation of the total Johnson map, relative to a symplectic expansion. 

Theorem 4.4. Let 6 be a symplectic expansion of vr. Then, the following diagram is 
commutative: 

C[k] H,{m{7r/r,+^7T)) Hs {2/2>k+i) 

[k.2k[ 

Here, O-t is induced by the Lie algebra isomorphism 9 : m(7r/r^.+i7r) — > from 
Corollary \2.14\ 

Proof. Let : C[k] (£/£>fc+i) be the composition 6** om^., and let C € C[k\. We 

are asked to show that 

(4.3) -m^(C) = cI>r?-Vf,2fc[(C). 

Since the isomorphism 6 : m(7r/rm,+i7r) — is compatible with the reductions 

£/£>„+! £/£>m+i and m(7r/r„+i7r) m(7r/rm+i7r) 

for all n > m, we can compute directly from ^jgfc ^ Aut(£/£>2A;+i) in the following 
way. First, we set 

9 

w ■.= '^ai Abi G 

1=1 

and we denote by {w} its reduction to A^(£/£>2a,.+i). The 2-chain 

{w} - eL{C){{w}) e AH^/^>2k+i) 

is a 2-cycle and, so, is a boundary by Lemma [dl Let tc £ A^(£/£>2A;+i) be one of its 
antecedents by d^. Then, the definition of given in Section [4.11 implies that 

ml{C) = [{tc}]eH3iil/il>k+i) 

where {tc} is the reduction of tc modulo il^k+i/^>2k+i- 
Next, since C belongs to C[k], we can write 

2k 2k 

(4.4) 4kiC){{a.}) = {a.} + {^^} 4kiC)m) = {b.} + {^?^} 

j=k+l j=k+l 
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(?) (i) ft 
where ,vl E £j for all j = k + 1, . . . ,2k. Then, by definition of r , we have 

g / 2k 1 2k— 1 

= Eh^^E -^^"^ + «^ ^ E ^"'"^ 

i=l \ j=k j=k 

In the sequel, we set ac '■= 'H^^'^^k 2fc[(^) consider the canonical embedding 

2k-l 

r : ^ — > A2(£/£>2fc+i), u(^vi — > {u} A {v}. 

j=k 

It follows from Lemma 11.21 and from (jl.6p that 

where (j){ac) G A^(£/£>2fc+i) is obtained from the linear combination of trees ac by 
fission. On the other hand, a direct computation based on (j4.4p gives 

-rr^k,2kli^) = {^} - 02kiC){{w}) + e G K\il/^>2k+i) 
where e is the following 2-cycle of degree at least 2k + 2: 

g 2fc-i2fe-i 

i=l h=k j=k 

Since H2{£, / £^>2k+i) is concentrated in degree 2k + 1 according to (II. 3p . there exists an 
e G A^(£/£>2fc+i) of degree at least 2A; + 2 such that (i3(e) = e. Then, we have 

{-<t^{ac) -e) = -Fviac) - e = -Frf^^^kyiC) - e = {w} - i?L(C)({^}), 

which shows that (— 0(ac) — e) can play the role of tc- We deduce that 

r4{C) = [{-0(ac) - e}] = [-{0(ac)} - {e}]. 

But, {e} € A^(i2/i2>fc+i) is a 3-cycle (since {e} € / vanishes) of degree at 
least 2k + 2, and so, is null-homologous (since H^{2./ S^^i^^i) is concentrated in degrees 
[k + 2,2k + 1] by Theorem O]). Thus, we obtain (g^])" □ 

As an application of Theorem 14.41 we recover two important properties for the ho- 
momorphism by proving them for nik- First, the A:-th Morita homomorphism is 
known to determine the k-th Johnson homomorphism [30]. To obtain a similar fact for 
rrik , we need the central extension of Lie algebras 

(4.5) ^ £fc+i(F) ^ m(^/rfc+2^) ^ m{7T/Tk+i7T) ^ 1 

whose first map is the composition 

£k+i{H) ^ (rfc+i7r/rfc+27r) ^ Q m(^/rfc+2vr). 
Corollary 4.5. We have the following commutative diagram 

4. 

H(S)£k+i{H) 

where the homomorphism cZ| q is the second-stage differential of the Hochschild-Serre 
spectral sequence associated to 
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Proof. Let be a symplectic expansion of vr. We consider the diagram 
(4.6) ^k+i{H) m(Vrfe+2^) m(7r/rfe+i7r) ^ 1 



^ £k+iiH) ^ £/£>fc+2 ^ -C/-C>fc+i ^ 1 

whose vertical isomorphisms 9 are given by Corollary I2.14i The commutativity of the 
diagram is a consequence of the fact that these isomorphisms are induced by the Lie 
algebra isomorphism 6 : m(7r) — > 2^{H) from Corollary 12.111 By naturality of the 
Hochschild-Serre spectral sequence, the corollary is equivalent to the commutativity 



of the diagram 



H3 {£,/£>k+i) 




where mf. denotes 9^ o nik and where d| q refers now to the central extension given by 
the second line of ()4.6p . We conclude using some previous results: 



2 g il.7l n Thm 14.41 f) Thm ,^.^, 

□ 

Second, the kernel of is known to be the 2A;-th term of the Johnson filtration: 
This has been proved by Heap [1^ in the case of the Torelli group, and by Sakasai [37] 
in the general case. Alternatively, we can deduce this from the following result. 

Corollary 4.6. The kernel of mk is C[2k]. 

Proof. This follows immediately from Theorem 14.41 and Proposition 13.71 □ 



5. The tree-reduction of the LMO homomorphism 

In this last section, we prove that the LMO functor introduced in [6] defines a symplec- 
tic expansion of vr. Next, we consider the LMO homomorphism, which is the restriction 
of the LMO functor to the monoid of homology cylinders. We show that the total John- 
son map relative to that expansion is equivalent to the tree-reduction of the LMO homo- 
morphism. In particular, we deduce that the degree [k, 2k[ part of the tree-reduction of 
the LMO homomorphism coincides with the A:-th infinitesimal Morita homomorphism. 

We assume that the reader is familiar enough with the LMO invariant [26^ O |3T] and, 
more specifically, with the constructions of [6]. We notify that the surface E is denoted 
by Fg in [6], and that the monoid of homology cylinders C is denoted there by Cyl. 

5.1. The monoid of bottom knots in a thickened surface. An essential ingredient 
to derive a symplectic expansion from the LMO functor is the notion of "bottom knot" 
in E X [—1,1]. We fix two distinct points p, q in the interior of S and, at each of them, 
we fix a non-zero tangent vector which will be implicit in the sequel. 

Definition 5.1. A bottom knot in S x [—1, 1] is a connected framed oriented tangle, 
which starts from q x ( — 1) and ends at p x (—1). Two bottom knots are considered to 
be the same if they differ by an ambiant isotopy of S x [—1, 1] relative to the boundary. 
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An example of bottom knot is shown on Figure 15.11 Another example is the trivial 
bottom knot which, together with an interval in S x (—1) that connects p x (—1) to 
q x (—1), bounds an embedded disk in S x [—1, 1]. We denote by ^(S), or simply by B, 
the set of bottom knots in T, x [—1, 1]. 
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Figure 5.1. An example of bottom knot in S x [—1, 1] with g = 2. (The 
blackboard framing convention is used.) 

The reader may be more familiar with the notion of string knot in S x [—1, 1], which 
is a connected framed oriented tangle starting from q x (—1) and ending at q x 1. Let 
5(E) be the set of string knots in S x [—1, 1]. There is a canonical bijection 

b : cS(S) ^ 5(S) 

which is schematically defined by Figure [5^21 The set 5(S) is a monoid, whose multi- 
plication is defined by "stacking" : 



K ■ L 



L 



K 



yK,Le 5(S) 



and whose identity element is the trivial string knot (S x [— 1, 1], g x [—1,1]). Therefore, 
the push-out by b defines a monoid structure on B{T,), whose identity element is the 
trivial bottom knot. 







S x [- 






Ex [-1,1] 


b{K) 














Figure 5.2. How to transform a string knot into a bottom knot. 



Definition 5.2. Two bottom knots K and K' are homotopic if K can be transformed 
to K' by a finite number of crossing changes. 

The homotopy relation, which we denote by is an equivalence relation on B which 
is compatible with its multiplication. 
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Lemma 5.3. There is a canonical monoid isomorphism 

defined by assigning to each bottom knot K a based loop 1{K) inT, x [—1,1], as shown 
in Figure [5731 and by identifying tt = vri(S, *) with 7ri(S x [—1, 1], *). 




Proof. The statement of the lemma certamly defines a map / : > vr. By 

composition with b, one gets a map 

lob:S{^)/^h 

which is well-known to be a monoid isomorphism. □ 

Each bottom knot K can be transformed into a cobordism by "digging" S x [—1, 1] 
along K, and this cobordism is a "Lagrangian" cobordism from Fg to Fg^i in the sense 
of [6j . To be more specific, the 1-st handle of -Fg+i is identified with the boundary of a 
neighborhood of in S x [—1, 1] while, for all i = 2, . . . , g + 1, the z-th handle of Fg^i 
corresponds to the {i — l)-st handle of S x (—1). This construction is a special case of 
the way cobordisms are presented in [6j in terms of "bottom-top" tangles. Thus, we get 
an inclusion 

(5.1) B C CCob{g,g + 1). 

The monoid structure of B can be defined in terms of the monoidal structure of CCob. 
For this, we recall that CCob is a subcategory of the category of cobordisms Cob, which 
is braided monoidal and for which the object 1 is a Hopf algebra |23j . Then, the 
multiplication of B is given by 

(5.2) yK,LeB, K-L = {fi®ldg)o{ldi^K)oL, 

where n G CCob{2, 1) is the product of the Hopf algebra 1. The identity element of B is 

(5.3) (trivial bottom knot) = r/ (8> Idg 



where r/ E CCob{0, 1) is the unit of 1. 
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5.2. The symplectic expansion defined by the LMO functor. We now explain 
how the LMO functor defines a symplectic expansion of vr by considering bottom knots 
up to homotopy. First, we recall the diagrammatic analogue of the homotopy relation 
introduced by Bar-Natan in the context of Milnor's fi invariants of string links [2]. 

Let S be a finite set, and let r £ S. We denote by A{S) the space of Jacobi dia- 
grams colored by S, and we denote by ^(T"^) the space of Jacobi diagrams based on 
the 1-manifold ]^ , which consists of one oriented interval |* for each element s & S. 
Recall from [1] that there is a diagrammatic analogue of the Poincare-Birkhoff-Witt 
isomorphism 

X:A{S)^A{f). 
Following [2j, we consider the subspace 

nir) C AiS) 

generated by Jacobi diagrams with at least one component that is looped or that posseses 
at least two univalent vertices colored by r. Similarly, let 

HiV) c Aif) 

be the subspace generated by Jacobi diagrams with at least one dashed component that 
is looped or that posseses at least two univalent vertices attached to f. The following 
statement is proved in [21 Theorem 1]. 

Theorem 5.4 (Bar-Natan). For any finite set S and for all r £ S, we have 

xin{r)) = nir). 

By inclusion (jS.ip . bottom knots are Lagrangian cobordisms. They are promoted to 
Lagrangian (/-cobordisms (in the sense of [6]) if we agree to equip each of them with rg 
on the top surface and with r^+i on the bottom surface, where 

rg :=(.•••(.(..))•••) 

is the length g right-handed non- associative word in the single letter •. Then, the LMO 
functor Z introduced in [6j can be applied to bottom knots: 

Z:B^'Aig,g + l). 
RecaU that ^A{g, g + I) is a subspace of 

Ailg^Ulg + ir) 

where [g]'^ denotes the finite set {l"*", . . . ,g^} and [(/-|-1]~ stands for {1^, . . . , (g + l)^}. 
In the construction of the LMO functor, the color refers to the i-th handle of the top 
surface, while the color i~ refers to the i-th handle of the bottom surface. Thus, for 
cobordisms arising from bottom knots, it is natural to rename the colors as follows: 

(5.4) 1^1 — >r and i" i — > (i - I)' , = 2, . . . , {g + 1) 

so that the variable r refers to the bottom knot. After this change of variables (which 
is often tacit in the sequel), the LMO functor gives a map 

Z:B^A{lg]+U[g]-U{r}). 

Lemma 5.5. For any bottom knot K in T, x [—1, 1], Z{K) mod Tiir) only depends on 
the homotopy class of K . 
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Proof. Let us consider a crossing change K K'. The Lagrangian cobordisms defined 
by bottom knots are "special" in the sense of [6j. So, we can apply [GJ Lemma 5.5] 
to derive Z{K) from the Kontsevich integral Z{L) of an appropriate framed oriented 
tangle L in [—1, 1]'^. Similarly, we can reduce Z(K') to the Kontsevich integral Z{L') 
of an appropriate framed oriented tangle L' in [—1, 1]^. Furthermore, we can find such 
an L and an L' that only differ by a self-crossing change of a component Then, the 
lemma follows from the fact that 

Z{L') - Z{L) € Wd'"), 

which is well-known and is easily checked from the value of the Kontsevich integral on 
a crossing. □ 

Let us recall that, for any finite set 5, .4(5) is a Hopf algebra, whose product is given 
by the disjoint union U and whose coproduct is defined by 

(5.5) A(^)= D'®D" 

D=D'UD" 

for all diagrams D. Since TC^r) is a Hopf ideal of A{ [g] ^ U [(7] ~ U {r}) , the quotient space 
A{[g]^U[g~\~U{r}) /H{r) is a Hopf algebra. Besides, the subspace of yl( [g']~U{r}) 
spanned by tree-shaped Jacobi diagrams, with at most one r-colored vertex on each 
component, is a Hopf subalgebra of ^([(7]"''U [(7]~U{r}). This subspace is isomorphically 
mapped onto ^( [g]~U{r})/'H(r) by the canonical projection. Thus, in the sequel, 

A{lgru[gru{r})/n{r) 

will either denote a quotient Hopf algebra or a Hopf subalgebra of A{ [g] U [5] ~ U {r}). 

Let K he a bottom knot in S x [—1, 1]. By the previous paragraph, Z(K) mod 7i{r) 
can be regarded as a series of tree-shaped Jacobi diagrams with at most one r-colored 
vertex on each component. Using the functoriality of Z, it is easily checked that the 
subseries of Z{K) mod TCi^r) consisting only of tree-shaped Jacobi diagrams without 
r-colored vertices, is Z(T, x [—1, 1]). This is the identity of the object g in the category 
*M, namely 




Moreover, Z{K) mod 'H{r) is group-like since Z{K) is so. Thus, we deduce that 

logu [Z{K) mod H(r)j ._ 

i=l * 

is a series of tree-shaped connected Jacobi diagrams with exactly one r-colored vertex. 
Such a series can be interpreted as a Lie series in the variables [g] U [5] ~ as we did in 
(jl.ip and, so, as an element of ^{H) after the following change of variables: 

i"*" I — > hi, \/i = 1, . . . , g and i" 1 — > Cj, Vz = 1, . . . , g. 

Thus, we have an inclusion 

(5.6) £iH)cA{lg]+Ulg]-U{r}) 
and we can write 

logu [ZiK) mod 7i(r) j - : ._ G £{H). 

1=1 * 
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Therefore, we can use Lemma 15.31 and Lemma 15.51 to define a map 



: vr 



T{H) 



by the formula 

(5.7) {1{K)) := exp^ (^og^ (z{K) mod n{r)) - ( ^ . 

Proposition 5.6. 9^ is a symplectic expansion o/vr. 

Proof. First, we prove that 9^ is a monoid homomorphism. According to (j5.3p . the 
Q'-cobordism corresponding to the trivial bottom knot is ry (g) Idr^ , and we have 

Z{r] Id^J = Z(r?) (g) Z(Id^J = Idg = expu ( J_ ^ . 

We deduce that 6*^(1) = exp^(O) = 1. To prove the multiplicativity of 9^, we con- 
sider two bottom knots K and L. According to ()5.2p . the Lagrangian g-cobordism 
corresponding to K ■ L can be decomposed as 

K ■L = {^i® Id^J o o (Id, ®K) o L. 

Here, P»,»,rg is the g-cobordism (•(•r^)) — > ((••)rc,) whose associated cobordism is the 
identity of {g + 2). So, we obtain 

Z{K ■ L) = {Z{fi) (g Idg) o Z(P.,.,,J o (Idi «)Z(i^)) o Z{L). 

An application of [6l Lemma 5.5] shows that Z{ij,) is congruent modulo 7i(l^) to 



-1 




P-=X 



where the brackets [— ] stand for exponentials. Thus, we obtain that 

Z{K ■L) = {p® Idg) o Z(P.,,,^J o (Idi C^Z{K)) o Z{L) mod 7t:(1"). 
Using the functoriality of Z, it is easily checked that 

(z{P,^,,r, ) 1 1" ^ ) = (g) Mg+i and (^(P.,.,r, ) 1 2" ^ ) = Idi (g0 Hg 
from which it follows that 



Z^(P.,.,,J|l-^0) =0 and (Z^(P.,.,,J |2- ^0 



0. 



Since Z^(P,^,^rg) is group-like, we deduce that each diagram of this series displays the 
color 1~ as well as the color 2~, on each of its components. Therefore, we have 

(5.8) Z{K ■ L) 

= (p ® Idg) o (Idi ®Z{K)) o Z{L) mod 7i(l-) 

= {p(^ldg)o{ldi®{Z{K) mod H(l"))) o (Z(L) mod W(l")) mod W(l-). 
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For all B £ B, we set 

>c{B) := logu (Z{B) mod W(r)) - \ - ^ 



i=l 

where Z{B) is seen as an element of ^([5]^ U [5]^ U {r}) by the change of variables 
(I5.4p and S.{H) is seen as a subspace of ^([(7]^ U [gi]^ U {r}) by (15. 6|) . Let us note that 

(5.9) 0^(/(S))=exp^(x(i?)). 

By expliciting the composition law in the category we derive from (|5.8p the following 
identity: 



Z(K • L) mod W(r) 



(expy x(L) r 1-^ 


I*) U (expu >c{K)\r ^ 2*) 


{1*,2*} 




1+ ^ 1* \ 




2+^2* 




1^ 1— > r / 



Uld,. 



Here, the array means that the bottom row is "contracted" to the top row with respect 
to the set of their common variables, which appears in the middle row. (This contraction 
is denoted by (— ,— ){i*,2*} [6J-) Therefore, we have 

Z{K ■ L) mod n{r) = Xr^ (Xr exp^ x{K) ■ Xr exp^ x(L)) U Id^ 

= X7^(exp. Xr>^(i^) -exp. Xrx(-^^)) Uldg 

where, in the last two terms, the dot • denotes the multiplication in ^(f", \ U [(7]^) 
along Y ^ and Xr is the Poincare-Birkhoff-Witt isomorphism from ^([5^]+ U [5]^ U {r}) 
to ^(T"", [5]+ U [5]"). Next, we obtain 

expu >c{K ■ L) = Xr^ (exp. Xr><{K) ■ exp. Xr^{L)) 

or, equivalently, 

exp. Xr^{K ■ L) = Xr expu >c{K ■ L) = exp. Xr>^{K) ■ exp. Xr>^{L). 
By (|5.9p . we conclude that 

{i{K) ■ i{L)) = d^{i{K)) ® e^{i{L)) 

and that 9'^ is a monoid homomorphism. 

Next, for any bottom knot B, we deduce from [6., Lemma 4.12] that 

Z(i?) = expJ(' +^(]JUZ^(B) 



1=1 



where h is the homology class of S in S x [— 1, 1] written as 

a a 
H 3 b = ^(xj ■ ai + yi- hi) = ^(xj • i~ + 



i=l 



i=l 



for some xi,yi, . . . ,Xg,yg G Q. So, we have 



. b 



and we deduce that 



m:{B) = ; + (i-deg > 1) mod 7^(r) 



e^{l{B)) = exp^ x(S) = 1 + 6 + (deg > 2). 
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Figure 5.4. A bottom knot Bg such that l{Bg) = 



It remains to prove that 0^{C) = exp(— w). The element C G tt can be represented by 
the bottom knot Bg shown on Figure [531 Next, an apphcation of [6l Lemma 5.5] gives 



ZiBg) = X 




where Z{Lg) is the Kontsevich integral of the framed oriented ^-tangle Lg shown on 
Figure 15.51 The same figure states that the g-tangle Lg is obtained by cabling the 
vertical component of a certain g-tangle L. So, we have 

ZiLg) = AJ, |_(^_)) (Z(L)) 

where, for any non-associative word w in the letters {+, — }, denotes the usual 
"doubling" / "orientation-reversal" map as recalled in [6, Notation 3.13]. 



(+) irg\» ^ (+-)) 




((+-) +) ((+-) -(+-)) 

Figure 5.5. The framed oriented g-tangle Lg as a cabling. 



By decomposing L into elementary q'-tangles, it is easily checked that 
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Z{L) = 



mod 1-L{-^^), 



where we notify of a (vertical) minus sign inside the exponential [— ] . We deduce that 

/ [1+1 &+1 \ 



(5.10) Z{B,) = x-^ 



V 



V 



mod W(r). 



^ 1- g- 

By developing the {g + 1) exponentials and by applying x~^) we obtain 



1+1+ 9 9 



mo- 



ml 



1-17 9^^- 



mod W(r) 



where the sum is over all {g + l)-uplets of non-negative integers m = {mo, mi, . . . ,mg). 
This can be reduced modulo 7i(r) to 



m ni<mi,...,ng<mg 1=1 i=l ^ ^ ^ • j=i 

niH |-ng=mo 



UTlj 

9 «+ 9 



U(mi-ni) 



i=l 



Thus, we obtain 

^(S^) =expu (E ( ) ^^^Pu I E Y I mod n{r). 



9 *+ 
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which is equivalent to 



i=i ^ i=i 

This concludes the proof of the symplecticity of 9^ . □ 

Remark 5.7. The construction of the LMO functor Z in [6j assumes two choices: 
One has to fix a system of meridians and parallels (a, /3) on the surface S and, since 
the definition of Z is based on the Kontsevich integral, one has to specify a Drinfeld 
associator. Therefore, the symplectic expansion 9^ should depend on those two choices. 

5.3. The total Johnson map defined by the LMO functor. The total Johnson 
map relative to the symplectic expansion 9^ of vr is denoted by 

:C — > Hom(F,£>2) 

and is equivalent to a monoid homomorphism 

:C ^ IAut^(£). 

Besides, the LMO homomorphism is definecH in [Bj as the "Y-part" of the LMO functor 
restricted to C, and is a monoid homomorphism 

Z^ :C^A''{lg]+U[g]-). 

We recall that the product -k on ^^([(7]+ U Ig']^) is defined on Jacobi diagrams D,E hy 

sum of all ways of connecting some i+-colored vertices 
of D to some i~ -colored vertices of E, for all i = 1, . . . , g 

The values of are group-like and, so, they are invertible for the multiplication -k. 
Actually, we will only need the tree-reduction of Z^ 

with values in the quotient of ^^([5]^ U [5]^) by the subspace generated by looped 
Jacobi diagrams. This subspace being a Hopf ideal, ^^'*([(7]"'" U [g~\~) is a quotient Hopf 
algebra. 

The next result shows that the tree-reduction of the LMO homomorphism determines 
the total Johnson map relative to the symplectic expansion 6^ . 

Theorem 5.8. Let C e C and let Z := Z^''^{C). We denote by Z^^ the inverse of Z 
with respect to the multiplication -k. Then, for all y G ^(H), we have 

/(C)(2/) = logu(Z*expu(y)*Z-i mod 7^(r)) e£{H). 

Here, -C(-ff) is seen as a subspace of A{lg~\^ U [g]^ U {r}) by inclusion 115. 6\} . and * is 
the multiplication on Adg]^ U [5]^ U {r}) defined by ^5.11\) . 



(5.11) Dk:E 



^ Homology cylinders over E are equipped in [6] with left-handed non-associative words 
(■ ■ ■ ((••) •)■■■•). Here, we prefer to equip them with right-handed non-associative words, which af- 
fects none of the properties shown in 6 for . 
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This result is inspired by the work of Habegger and Masbaum [.14| Section 12]. First, 
they show that the Kontsevich integral defines an expansion of the free group of rank n, 
with respect to which one can compute Milnor's invariants of an n-strand string link 
(3. Then, they prove a "global formula" giving Milnor's /x invariants of /3 in terms of its 
Kontsevich integral. Theorem 15.81 is very close in spirit to that formula. 

Proof of Theorem \5.8[ We start with the case when C is the mapping cylinder of an 
h €l, which is simpler. For all bottom knots K m T, x [—1, 1], we have the identity 

(Idi ®h)oKo h-^ = h{K) ohoh~^ = h{K) 

in the category of cobordisms CCob, hence the identity 

Z(h{K)) = (Idi (g)Z(/i)) o Z{K) o Z{h'^) 

in the category of diagrams By expliciting the composition law of *?4, this writes 



ZiKK)) 











r 1— > s A 






ZiK) 


j- ^ j^^yj = 1, ... ,5, / 






expu 1 


ju(z(/i)|j+^j^,V? = l,. 





By reducing modulo 7i{r), we obtain 



(5.12) Z{h{K)) mod n{r) 



expu I j U (Z-i \r ^ = l,...,g] 



1 


Z{K) mod n{r) 


r s \ 

J+ ^i*,Vi = i,...,g 

j~ ^ = 1, • • • ,5 J 


1 




expu 




u(Z|i+^j^,Vi = l,... 


.9) 



As before, we associate to each bottom knot B the Lie series 

g .+ 



>c{B) := logu (Z{B) mod W(r)) - ^ ( € C Ailg]+ U [g]' U {r}). 



i=l 

which satisfies >c{B) = 9^ \ogl{B) £ £{H) C f{H). We have 

xh{K) = e^\ogl{h{K)) 
= e^\oghJ{K) 

= e^m{K) log 1{K) = Q^{h)e^ log 1{K). 

Then, equation (15.121) gives the following identity where y is the Lie series 9^ \ogl{K) 
and where C = h\s assumed to belong to I: 
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(5.13) 



expi 



Uexpu /(C)(y) mod W(r) 




exp 



u EC 



U expu(y) 



r s 
j+ 



i*,Vj = 1, . . . ,g 

i^,Vj = l,...,g 



A" 



expu 



9 , jA 

+ y";; . I u(Z|i+^i^,Vi = l, 



' 1 



Let us now prove formula (j5.13p for any homology cylinder C. Our arguments are 
based on Goussarov and Habiro's calculus of claspers, which allows us to proceed as 
before up to a fixed degree d > 1. Fundamental in their works is the notion of In- 
equivalence for 3-manifolds (IS [151 [lU [9] . particular, they prove that there exists 
a homology cylinder C (depending on d) such that C o C and C o C are Fti-equivalent 
to the trivial cylinder. Thus, there exists a disjoint union G of connected tree claspers 
of internal degree d in S x [— 1, 1], such that surgery along G transforms Ex [—1, 1] to 
C o C. Let us consider the Lagrangian cobordism 

(5.14) L:={ldi®C)oKoC. 

If we regard L as a connected framed oriented tangle in the homology cylinder C o C, we 
see that there exists a bottom knot L' in E x [— 1, 1] disjoint from G such that surgery 
along G transforms V to L. On the one hand, a property of the LMO functor shown 
in [6] implies that Z(L') differs from Z{L) by a series of Jacobi diagrams with internal 
degree > d. So, we have 

(5.15) k(L') = logu (Z{L) mod 7i{r)] - ^ ._ mod S.>d+i. 

i=l * 

On the other hand, L'oC is Y^-equivalent to LoC and so is y^-equivalent to (Idi 0C)oK, 
from which we deduce that 

{l{L')} = p,{C){{l{K)}) Gn/r.+.TT. 

Then, a short computation gives 

(5.16) k{L') = Q^{C)e^ log I (K) mod £>d+i. 
By comparing (|5.15|) to (j5.16p . we get 

(5.17) Z{L) mod n{r) = exp^ f^.^j U exp^ (^/(C)0^ log /(K)) + (i-deg > d). 

If we now come back to (|5.14p and apply to it the LMO functor, we get 

(5.18) Z{L) = (idi ®Z{C)) o Z{K) o Z{C). 
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Since C is inverse to C up to Yrf-equivalence, {C) is inverse to {C) with respect 
to the -k product up to some terms of internal degree at least d. So, Z^'*((7) is equal to 
Z~^ modulo diagrams of internal degree at least d. Then, by reducing (jS.lSp modulo 
'H{r) and by using (j5.17p . we obtain equation (j5.13p modulo diagrams of internal degree 
at least d. By passing to the limit d +00, we conclude that ()5.13p is valid for any 
homology cylinder C and for y = 9^ logl{K). 

Next, since the bottom knot K is arbitrary in the above discussion, formula ()5.13p 
holds true for any y € 0^1og(7r). Then, we deduce from the next claim that ()5.13p is 
vahd for all y G £{H). 

Claim 5.9. Let F be a finitely generated free group. Then, any element x G in(-F) can 

be written as 

+00 

X = where Xi G rim(F) n log(F). 

i=l 

Proof of Claim [JTPl Let (bi,...,b„) be a basis of F. By Example 12.91 m{F) is the 
complete free Lie algebra generated by {bi, . . . ,bn) where bi := log(bi). The Baker- 
Campbell-Hausdorff formula implies that, for all r > 1 and for alHi, . . . , i,- G {1, . . . , n}, 

K,[bi„ [..., bi,.] •••]]= log {[hi,, [bi„ [..., bi^] •••]]) mod fr+MF). 

The statement is deduced from that fact. □ 

Now that identity (I5.13P is proved for all C G C and for all y G 2,{H), we develop it: 

(EC- I Uexpy(/(C)(y)) mod n{r) 



i*,Vj = l,...,g) 















U ^expu(y) 




-^r,vj = i,.. 


... ^ 

■■,9 J 









expu 




,Vi = l,...,5) 



expu 




U (Z ★ expy(y) -k Z 



The last identity is obtained by an easy combinatorial argument [U Example 4.5]. We 
conclude that g^{C){y) = logy (Z * expy (y) ★ Z^-"^ mod 'H(r)). □ 

We can now prove that, on the submonoid C[k], the degree [k, 2k[ part of Z^'* coincides 
after fission with the k-th infinitesimal Morita homomorphism. For this, let us note that 
the space T{H) defined in Section [LD embeds into ^^'*([(7]^ U [5]^) by the map 

6j 1-^ z+, Vi = 1, . . . ,g 
Oi^ i~ , \/i = l,... ,g 



T 



T 
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Theorem 5.10. Let C £ C and let k > I be such that z('\C) = for all i G [1, k[. 

Then, C belongs to C[k] and we have 

2k-l 



or, equivalently, 



Proof. We set Z := Z^'^{C), which writes 

Z = + Zfc + • • • + Z2k-i + (i-deg > 2k). 

Since Z^ (C) is group-hke, Z is group- like and, so, is the exponential with respect to U 
of a primitive element. Since 2k — 1 is strictly less than k + k, we see that Z^, . . . , ^2^-1 
only consist of connected diagrams, so that the map or $ can indeed be applied to 
^[k,2k[- The same argument shows that the ^-inverse of Z can be written as follows: 

Z-^ = 0-Zk Z2k-i + (i-deg > 2k). 

According to Theorem 15.81 , we have 



T^iC){bi) mod £>2fc+i 

logy (Z* {Z^^/i^ I— > + r)) mod Ti.{r) 

( + {Zk + --- + Z2k-i) \ ^ . 

^''^^y-{z, + -..+z2k^ir^i-+r) ) "'"^ ^^^^ 

— (Zfc -|- • • • -|- Z2k-i\i^ r . . . exactly one time !) 



and 



T^{C){ai) mod £>2fe+i 
= logu ((Z/i+ + r)* Z-^) mod W(r) 

= (Zfc -!-••• + Z2k-i\i~^ I— > r . . . exactly one time !). 
Thus, we conclude that 

T^{C) mod H ® £>2fc+i = -r? (Z[A;,2fc[) ■ 
In particular, this shows that C belongs to C[k]. The second statement follows from 



Theorem [Ol □ 
As a consequence of Theorem 13.51 we recover the following result from [6] . 

Corollary 5.11. Let C € C. The lowest degree non-trivial term of Z^'^{C) coincides 
with the opposit^ of the first non-trivial Johnson homomorphism of C. 

The proof of Corollary 15.111 given in [6j is indirect: Based on Habegger's correspondence 
between Johnson homomorphisms and Milnor's // invariants p^, it uses the connection 
between the latter invariants and the Kontsevich integral |14j . 

To conclude this paper, we give a restatement of Theorem 15.81 in which it is clear that 
the total Johnson map relative to 9^ tantamounts to the tree-reduction of the LMO 



See the footnotes on page [5] and page 1201 
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homomorphism. For this, we need the following statement, which is well-known and is 
true for any Lie algebra equipped with a complete filtration. 

Proposition 5.12. There is a canonical bijection between the set of filtration-preserving 
derivations of £{H) with values in 2>2{H), and the set of filtration-preserving automor- 
phisms of £,(H) that induce the identity at the graded level: 

Der(£,£>2) ^ IAut(£). 

logo 

Proof. We follow [M] which deals with the associative algebra case. Let tp € IAut(£). 
Then, ip := — Id is a Q-linear map £ ^ £ which sends £>n to £>n+i- Thus, the series 
J2n>ii~^)"'^^ /''^ ■ ti)^{x) converges in £ for all x G £, so that 

iog„(v) ■.= Y,^-^.r 

n>l 

defines a filtration-preserving Q-linear map £ ^ £ valued into £>2- For all integers 
n > 1 and i, j G [0, n], we define a"^ G N by 

Oq^q = 0, a\^i = a} Q = Cq 1 = 1 



— n" -I- n" -I- n" 



The integers a^^ satisfy 



0<i j'<ra 



Vx, y G £. 



In addition, the integers a"^ can be defined by the formula 

n 

{X + Y + XYY = <i ■ ^'^^ ^ 

Then, the identity log(l + X + Y + XY) = log(l -|- X) + log(l + Y) implies certain linear 
relations among the trinomial coefficients a"^ with fixed. We deduce from these 
relations that logo(V') is a derivation. 

Conversely, let 5 G Der(£, £>2). Then, 5 sends £>„ to £>n+i- Thus, the series 
X^n>o 1/^' ■ ^""{x) converges in £ for all a; G £, so that 

exp„(5) ■.= Y.-.-5^ 

n>0 

defines a filtration-preserving Q-linear map £ — > £ which is the identity at the graded 
level and, so, is an isomorphism. It is easily checked that expQ((5) preserves the Lie 
bracket. □ 

Consequently, we have a one-to-one correspondence 

exPo 

Der^(£,£>2) ^ IAut,,(£) 

logo 

between derivations that vanish on uj and automorphisms that fix lo. Moreover, the 
canonical isomorphism 

Der(£, £>2) ~ Hom(i?, £>2) ^ H ®£>2 
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sends Der(^(£, £>2) to the kernel of the Lie bracket. Then, using the isomorphism rj 
defined at ()1.6p . we obtain an isomorphism 

rj:T{H) ^-DevU^,£>2) 

which appears in Kontsevich's work [2^, '25] and where T{H) stands for its degree 
completion. So, given a symplectic expansion 9 of vr, we can consider the composition 

(5.19) C IAut^(£) ^Der^(£,£>2) ^r(i/). 

Besides, the LMO homomorphism takes values in the group-like part of the Hopf 
algebra ^^([g]"*" U [(?]"), whose product * is defined at (I5.11|) and whose coproduct A 
is defined at (15. 5p . The same is true for the tree-reduction of the LMO homomorphism. 
Thus, we can consider the composition 

C ^ GLike(^^'*(L9r U LsD) ^Prim(^^'*(L<?l+ U [sD) = T{H). 

Our last result asserts that this map C '^{H) is an instance of ()5.19p . and shows 
that Z^'* is essentially the same invariant of homology cylinders as the infinitesimal 
Dehn-Nielsen representation or, equivalently, as the total Johnson map r^. 

Theorem 5.13. For all C £ C, we have 

log, /(C) = -rylog, Z^'*(C) G Der(£, £>2). 

Proof. We set Z := Z^'^{C) and z := log^(Z). Let y € £ which we can regard as an 
element of ^([(7]^ U [gi]^ U {r}). Then, Theorem 15.81 gives 

/(C)(y) = logu(Z*expu(y)*Z-i mod H(r)) 

= logu (exp^(z) *expy(y) *exp^(-2:) mod ?t:(r)) 
= logu (exp^(2;) *y*exp^(-2;) mod W(r)) 
= exp„(-r?(z))(y). 

We conclude that /(C) = exp^{—r]{z)). □ 
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